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Abstract

This paper deals with a variant of the Traveling Salesman Problem (TSP), called the
Multiple Steiner TSP with Order Constraints (MSTSPOC). Consider an undirected
graph with nonnegative weights on the edges, and a set of salesmen such that with
each salesman is associated a set of ordered terminals. The MSTSPOC consists in
finding a minimum-weight subgraph containing for each salesman a tour going in
order through its terminals. We study the polytope associated with the Integer Linear
Programming (ILP) formulation proposed in Borne et al. (2013). We characterize
when the basic inequalities define facets. We also describe new valid inequalities along
with necessary conditions and sufficient conditions for these inequalities to be facet-
defining. Further families of valid inequalities, coming from closely related problems,
are also discussed. The theoretical results presented in this paper are computationally
tested in a companion paper (Taktak 2024).
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Fig. 1 Illustrative example

1 Introduction and related works

We consider a variant of the Traveling Salesman Problem (TSP), called the Multiple
Steiner Traveling Salesman Problem with Order Constraints (MSTSPOC). Let G =
(V, E) be an undirected graph with nonnegative weights on the edges and K a set
of salesmen. For each salesman k € K, there is a set T, < V of terminals. The
MSTSPOC consists in finding a set of edges FF C E, with minimum total weight,
such that for each salesman k € K there is a Steiner tour that visits all terminals in
T in a predefined cyclic order. Steiner nodes not belonging to 7} are optional and are
denoted by Si. These nodes may be traversed between visits to terminals. A Steiner
tour is a cycle going once through each of its terminals. In the sequel, we may simply
say tour to refer to a Steiner tour. Moreover, due to some survivability restrictions,
tours must be elementary, that is nodes and edges are not allowed to be visited more
than once (see Borne et al. 2011, 2013).

In Fig. 1, we give an example in order to illustrate the MSTSPOC. Consider the
graph in Fig. 1(a). The graph is composed of 8 nodes numbered from 1 to 8. Some of
these nodes are connected by edges as shown in the figure. Assume that | K| = 2, and
that 71 = {1,3,5,4} and T» = {1, 2, 6, 5} both must be visited in the given order,
and both come back to node 1. Note here that, according to the notations above men-
tioned, Steiner nodes for both salesmen are S; = {2,6,7,8} and S, = {3,4,7, 8},
respectively. A feasible solution for the MSTSPOC is illustrated in Fig. 1(b). The
tours of both salesmen are illustrated in Fig.1(c) and Fig. 1(d), respectively. The
first salesman will have the following tour (1, 2, 3, 8, 5,4, 7, 1), and the second one,
1,2,7,6,5,4,8,1).
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1.1 Previous works and our contributions

The MSTSPOC was first introduced in Borne et al. (2011) motivated by reliability
issues in multilayer telecommunication networks. Several ILP formulations have been
then proposed for the MSTSPOC, and a variety of algorithms has also been devised
to solve the problem. In Borne et al. (2011), the authors prove that the problem is NP-
hard even for a single salesman. The problem is reduced to the k-Vertex Disjoint Paths
Problem, known to be NP-hard. In Borne et al. (2011), the authors give a path-based
formulation for the MSTSPOC, and present preliminary experimental results. In a
further work (Gabrel et al. 2020), the authors investigate more the path-based formu-
lation. The pricing problem is discussed, specific branching strategies are described,
and a Branch-and-Price algorithm is devised. A substantial experimental study is also
presented. In Mahjoub et al. (2019), the authors propose a compact ILP formula-
tion for the MSTSPOC. In this formulation, the tour of each salesman is viewed as a
union of layers, each characterized by two terminals. The authors present experimental
results that show the efficiency of the corresponding model. A third ILP formulation,
called cut-formulation, is also proposed for the MSTSPOC. It is first introduced in
Borne et al. (2013), where the authors present some preliminary results of a Branch-
and-Cut algorithm. The cut formulation is then strengthened using several families
of valid inequalities in Taktak and Uchoa (2020), where the authors present briefly
some theoretical results related to the polytope associated with this formulation. In
Taktak (2024), the author devise a Branch-and-Cut algorithm for the cut formulation
to solve the MSTSPOC. In particular, separation routines are proposed for the different
classes of valid inequalities used in the algorithm. Moreover, experimental results are
presented, and they show the efficiency of the valid inequalities in solving random
and realistic instances. Note that the work in Taktak (2024) is complementary to the
current work since both concern the cut formulation. In fact, paper (Taktak 2024) is
experimental and aims at giving the experimental proofs of the efficiency of the valid
inequalities whose facial aspect is studied in the current paper.

In this paper, we study the polytope of the cut formulation, that is the convex hull
of the solutions of the cut formulation. We first recall the cut formulation introduced
in Borne et al. (2013). Then we characterize the dimension of the polytope and inves-
tigate the facial structure of the basic inequalities. We also describe new classes of
valid inequalities and give necessary conditions and sufficient conditions for these
inequalities to be facet-defining. The efficiency of these valid inequalities in solving
the MSTSPOC is shown in Taktak (2024). Finally, we describe further classes of valid
inequalities that extend valid inequalities coming from relaxed problems like the k-
Node Connected Subgraph Problem, the k-Edge Connected Subgraph Problem, and
the TSP.

1.2 Other related works

Several variants of the TSP are closely related to the MSTSPOC. In what follows, we
review some of them.
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The Steiner Traveling Salesman Problem (STSP) is a variant of the TSP in which
only a given subset of nodes, called terminals, must be visited in a minimum-weight
cycle. The cycle may contain non terminal nodes, called Steiner nodes. Letchford
et al. (2013) propose several compact formulations for the STSP obtained from ones
known for the TSP. The authors compare these formulations both theoretically and
computationally. In Interian and Ribeiro (2017), Interian and Ribeiro adapt some
classical constructive heuristics as well as neighborhood structures used for the TSP
to solve the STSP. In particular, they devise a GRASP heuristic-based algorithm that
proved to be efficient for solving large-sized instances. In Rodriguez-Pereira et al.
(2019), Rodriguez-Pereira et al. consider the STSP as well as some extensions with
depots. They propose compact ILP formulations for the studied variants of the STSP,
and devise Branch-and-Cut algorithms. Alvarez-Miranda and Sinnl (2019) propose a
transformation of the STSP to the classical TSP. In consequence, they use a state-of-
the-art TSP-solver to solve a benchmark of instances. Compared to the approaches
developed in Letchford et al. (2013) and Interian and Ribeiro (2017), the authors
were able to solve all instances from the literature to optimality within 20 seconds. In
particular, they provide optimal solutions for 14 instances not yet solved.

A further interesting variant is the so-called multiple TSP (mTSP) which consists in
finding a set of tours for a predefined number of salesmen, each starting from and com-
ing back to a depot node while visiting exactly once the other intermediate nodes. The
mTSP has been widely studied in the literature. In Cheikhrouhou and Khoufi (2021),
Cheikhrouhou and Khoufi present a survey of the problem. They discuss the different
variants and approaches as well as the various applications introduced in the literature
for the problem. Bektas (2006) presents a survey of the variant where all salesmen are
supposed to start from the same depot. In Benavent and Martinez (2013), Benavent
and Martinez study the problem where the salesmen are assumed to start from different
depots. They give an ILP formulation for the problem and describe several families
of valid inequalities along with a substantial polyhedral study. Using this, they devise
an efficient Branch-and-Cut algorithm for the problem. Sundar and Rathinam (2016)
consider the Generalized multi-depot TSP, a variant that has several applications in
ring networks, flexible manufacturing, and scheduling. The authors propose an integer
programming formulation for the problem. They also study the associated polytope
and derive facet-defining inequalities. These results are used to devise an efficient
Branch-and-Cut algorithm. Bernardino et al. (2022) study three variants of the mTSP,
the multi-depot family TSP and its two clustered variants. They present several mixed
integer linear programming formulations and develop appropriate Branch-and-Cut
based algorithms. Cornejo-Acosta et al. (2023) consider the so-called depot-free mTSP
where the depots are unknown or unnecessary. New compact integer programming for-
mulations are proposed along with a substantial experimental study. In Duchenne et al.
(2007, 2012), Duchenne et al. study the undirected m-Capacitated Peripatetic Sales-
man Problem. The aim is to determine m Hamiltonian cycles of minimal total cost on
a graph, such that all the edges are traversed less than the value of their capacity. In
Duchenne et al. (2007), the authors study the polyhedral aspect of the problem, and
devise a 2-index Branch-and-Cut algorithm. In Duchenne et al. (2012), they introduce
three formulations for the problem, and develop Branch-and-Cut and Branchd-and-
Price algorithms.
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Another variant, the Steiner multiple TSP, closely related to the problem studied in
this paper, has been addressed in several works. D’ Angelo (2018) considers the Steiner
Multi Cycle Problem. Heuristic-based algorithms are described. In Lintzmayer et al.
(2020), Lintzmayer et al. study a randomized approximation scheme for the Euclidean
Steiner Multi Cycle problem which runs in quasilinear time. Liu et al. (2021) discuss
the online Multiple Steiner TSP (mSTSP) with edge blockages. They study the problem
with minsum and minmax objectives. Lower bounds and efficient online algorithms
are proposed for both variants.

A further close variant is the TSP with Precedence Constraints that consists in
finding a minimum-weight tour respecting precedence constraints between some pairs
of nodes. This variant has also been widely studied in the literature. In Balas et al.
(1995), Balas et al. examine the polytope of the Asymmetric TSP with Precedence
Constraints (ATSP-PC). They characterize the dimension of the polytope and derive
several families of valid inequalities. They also discuss conditions for these inequalities
to be facet-defining and devise separation routines. In Ascheuer et al. (2000), Ascheuer
etal. propose a Branch-and-Cut algorithm to solve the ATSP-PC. Gouveia and Pesneau
(2006) give extended formulations for the ATSP-PC. Moreover, they describe classes
of valid inequalities, and discuss polynomial time separation algorithms. Using this,
they devise a cutting plane approach to the problem. The computational results show
the efficiency of their approach for reducing the LP gap. In Gouveia et al. (2018),
Gouveia et al. propose network-flow-based formulations for the ATSP-PC. Sarin et al.
(2014) study variants of the multiple asymmetric TSP with and without precedence
constraints and investigate the performances of 32 MILP formulations modeling these
variants. Some of these formulations are based on a transformation of the Multiple
Asymmetric TSP (mATSP) to Asymmetric TSP (ATSP) (Sarin et al. 2005). In a recent
work, Khachai et al. (2023) address the Generalized ATSP-PC. The authors study
the associated polytope, identify several families of valid inequalities, and discuss
facet-defining conditions. The authors also propose MILP formulations and devise
Branch-and-Cut algorithms for the problem.

In what follows, we give notations and definitions that will be used.

1.3 Notations

Let G = (V, E) be asimple edge-weighted undirected graph, such that with each edge
e € E is associated a nonnegative weight w,. We denote n = |V| and m = |E|. An
edge e between two nodes « and v in V will be denoted by e = uv. We suppose given
a set K of salesmen, each having to visit a set of terminals Ty, = {w]f, wlz‘, el wlka‘ 1,
k € K. The order of terminals’ visitation for each tour (salesman) is assumed to follow

the cyclic order of the indices j in wf . Consider a terminal wf € Ty, the terminals in
T \ {wf_l, w/j‘.H} are said to be non-consecutive, for wf., j=1,2,...1T|, where
w‘kal 41 refers to w’l‘. The nodes of V that are not terminals for k € K are called
Steiner nodes, and denoted by S;. If k € K, a pair qf = (wlj‘., w];H) of consecutive

terminals wX and w]]‘._H is called a section for j € {1,2,...,|T|}. Each tour, for a
salesman k € K, can be seen as the union of node-disjoint sections. We denote by 7
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the set of these sections for k € K. With each section qj? = (wf., wlj‘.H) €T, ke kK

and j € {1, 2,...,|Tx|}, we associate a reduced graph, denoted by G’; = (VI‘, E’I‘.),
j
wlj‘. +1» as well as their incident edges. The graph G’j‘. will be used to compute a path
between w'j‘. and w']‘. 1 ot going through any of the other terminals.

Let V' C V, we denote by G(V') = (V’, E’) the subgraph induced by the set of
vertices V' and the set of edges connecting these vertices E' = E(V').If W C V is
a subset of nodes of V, we let (W) denote the cut in G induced by W, that is the
set of edges of G having one node in W and the otherin W = V \ W.If W = {w},
w € V, we will write §G (w) for 6g({w}). In the sequel we simply write §(W) and
S(w), if the context is clear.

obtained from the original graph G by deleting all the terminals of T, except w" and

1.4 Paper organization

The paper is organized as follows. In the next section, we propose an ILP formulation
for the MSTSPOC, and we introduce the associated polytope. In Sect. 3, we study the
facial aspect of the basic constraints. In Sect.4, we describe some valid inequalities
and give necessary conditions and sufficient conditions for these inequalities to be
facet-defining. In Sect. 5, we give further families of valid inequalities coming from
closely related problems. Finally, Sect. 6 is devoted to some concluding remarks. An
Appendix is used to give some proofs of facets.

2 Integer linear programming formulation
2.1 ILP formulation

Consider a salesman k € K and an edge e € E. We define the binary variable x* that
is equal to 1 if the tour of salesman k uses edge e, and O if not. We also define the
binary variable y, for each e € E, which is equal to 1 if edge e is considered in the
final solution, and O if not. The MSTSPOC is equivalent to the following ILP.

minZweye (1
ecE
forall k€ K, je{l,...,|Tk|},
>, xzl qf = Wi wi,)) € T, o
e (W) WcVi:wieWandwh,  eW,
> oxb<2 forall weV, ke K, 3)
eed(w)
K<y, forall e € E, k € K, (4)
0 < x* forall e € E, k € K, (5)
Ve <1 forall e € E, (6)

@ Springer



Journal of Combinatorial Optimization (2025) 49:89 Page7of51 89

xk e 0, 1) forall e € E, k € K, (7
ve € {0, 1} forall e € E. ®)

Inequalities (2) are called section cut inequalities. They ensure for each section
q;? = (wlj‘., wlj‘.ﬂ), corresponding to a salesman k € K and j € {1, ..., |T|}, a path
in the reduced graph G]]‘.. Hence, this guarantees, for each salesman a tour going in
order through its terminals. Inequalities (3) are called disjunction inequalities. They
ensure that the different sections for a salesman, k € K are disjoint, and hence that
the associated tour is elementary. Inequalities (4) are the linking inequalities which
express the fact that if an edge e € E is not considered in the solution, thatis if y, = 0,
then e can not be used in any tour for the salesmen K. Finally, inequalities (5) and (6)
are the rrivial inequalities, and (7) and (8) are the variables’ integrality constraints.

In what follows, we refer to the ILP (1)-(8) as the cut formulation. Note that this
formulation was first introduced in Borne et al. (2013) and is experimentally studied
in Taktak (2024).

2.2 Associated polytope

An instance of the MSTSPOC corresponds to the triplet (G, K, T), where G is a
graph, K a set of salesmen, each salesman has a set Ty of terminals and 7 = | 7.

keK
We denote by MSTSPOC(G, K, T') the polytope associated with the MSTSPOC, that
is the convex hull of the solutions of (2)-(8), i.e.,

MSTSPOC(G, K, T) = conv{(x, y) € {0, I}/EIIKIFD - (¢ 'y satisfies (2)-(6)}.

In what follows, G is assumed to be complete and for each salesman k € K, Ty, # V.
These assumptions are not restrictive. In fact, if the graph is not complete, one can
consider a complete graph by associating very high costs with the non-existent edges.
Moreover, if there exists a salesman kK € K such that 7; = V, then the solution is
unique for this salesman. In this case, the problem reduces to solving the MSTSPOC
for the K\ {k} remaining salesmen. Furthermore, for convenience, we will suppose that
each salesman k € K has at least 4 Steiner nodes. This will enable us to considerably
simplifying some facet proofs.

Give an instance (G, K, T) of MSTSPOC, we denote by Q(G, K, T) the set
of its solutions. Each solution in Q(G, K, T) is represented by the pair (U, I)
where I C E is the set of installed edges and U = (Uy, Ua, ..., Uig|) C E'K
such that Uj, j = 1,...,|K]|, is the set of edges used by salesman j. Given a
solution (U, I) € Q(G, K, T), we define (xY, yI ) its incidence vector. Note that
xVU = (xUl,xUZ, ...,xU‘Kl).

Now, we give a solution for the MSTSPOC that will be used throughout the paper.

Remark 1 Let U° = u 0 Ug oL U \OK|) be the set of edges between the consecutive

terminals of all the salesmen, that is UJ(.) = {wijwijﬂ, JE€K,i=1,..,|T;|}. And let
=y UJQ. Clearly, the pair (U, 1) is a solution of the MSTSPOC.
jeK
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For sake of presentation, for each of the coming facet proofs, we will begin num-
bering the solutions (U’, I/) by j = 1. Having the same name, these solutions may
be different from one proof to another.

3 Dimension and facial investigation

In this section, we characterize the dimension of MSTSPOC(G, K, T) and discuss
necessary and sufficient conditions for inequalities (2)-(6) to be facet-defining.

3.1 Dimension

In this section, we characterize the dimension of the polytope MSTSPOC(G, K, T).
To this end, we first identify the system of its equations.

Remark 2 Consider a salesman k € K and let wlj‘. € T be a terminal. Then w]; has a
degree equal to 2 in any solution, that is

Y xi=2 forallwheT, k=1,...,[K[, je{l,....|Ti}. (9

k
ee&(wj)

Remark 3 Since equations (9) are written for each terminal w'j‘. € Ty, there are |Ty|
equations for each salesman k € K.

Remark 4 Consider a salesman k € K, and wf , wlj‘. € T be two non-consecutive

terminals of k. This yields that edge e = wf w’; does not belong to any solution of the
MSTSPOC.

k. k k

xf=0 foralle=wfwh, wiwhen: j>i k=1 K. (10)

e i

Remark 5 Let G(Ty) be the graph induced by the terminals 7 of salesman k. Notice
that since G is complete, G(7}) is also complete and contains W edges. In
this graph, there are exactly |7x| edges between the consecutive terminals. All the
remaining edges are between non-consecutive terminals and, in consequence, their
number is equal to W —|Tx| = W Consequently, constraints (10)
imply W equations of type (10) for salesman k. In the sequel, we shall denote
by px the number of edges between non-consecutive terminals for salesman k, that is

E = ITk\(\§k|—3)_
Proposition 1 Consider an equation ax + by = o of MSTSPOC(G, K, T). Then:
1. b=0,

2. ax = « is a linear combination of equations (9) and (10).

Proof We first show that » = 0. Consider the feasible solution (U, %) given by
Remark 1. Recall that UJQ, j = 1,..., K] consists of the set of edges linking the

consecutive terminals of 7 of salesman j € K and 1° = jek U;.).

@ Springer
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Lete € E\ I°be an arbitrary edge. The solution (UY, 1Yy such that I' = 10U {e}
and U' = UY also induces a feasible solution of MSTSPOC(G, K, T). This implies
that axU’ + by’o =ax" + by’0 + b., implying that b, = 0. Since e is arbitrarily
chosenin E \ 1 0. we have that

be=0 forallec E\ I°. (11)

Now, let us consider the solution (U 2 2) obtained as follows. For a salesman
k € K, lete = t;t;11 be an edge between two consecutive terminals #; and #; 1 of Tj.
LetU ,3 = (U, ,9\{e}) U{ts, sti+1} where s is a Steiner node of salesman k. In addition,
let U2 = U0 j=1,....,K,j # k,and I*> = U]eK U2 Moreover, consider the
solutlon (U3 I3) given by U3 =U?and I3 = I* U {e}. Both are feasible solutions
for the MSTSPOC and hence their incidence vectors satisfy equation ax + by = «.
As a consequence, we have axU” + by!> = axV” + by!’ + b,, which implies that
be = 0. As e is arbitrary in 1Y, this yields

be=0 foralle e I°. (12)
By (11) and (12) we then have
b,=0 foralle € E. (13)

Therefore all the equations of MSTSPOC(G, K, T) are given only in terms of variables
X.

Let a* be the restriction of @ on salesman k € K. Let M¥ = (%k
matrix of equations (9) and (10) involving variables xif , e € E, such that M {‘ is the
sub-matrix corresponding to equations (9) and M§ the one corresponding to equations
(10). To prove that ax = « is a linear combination of equations (9) and (10), it would
be sufficient to prove that for each k € K, there exit A’l‘ € RI" and )»’5 € RPk such that
ak = )Jl‘M {‘ + A§M§ (recall that py is the number of edges between non-consecutive
terminals of 7).
To this end, first we show that for every edge ss’ between two Steiner nodes s, s/,

w, = 0. Consider agaln the solution (U°, 1%) and let (U*, I*) be the solution given by
Uk UkU{ss 1L, U Uoforallj ef{l,..., K}\k, and I* = U €KU Obviously,
(U4 14) isa solutlon of the MSTSPOC. Since solutions (U0 IO) and (U*, 14) are

both feasible for the MSTSPOC and by (13) b = 0, we have that axV vt — axU =

axV’ +a ,xk, Hence a*, = 0, implying that

) be the sub-

a*, =0 foralls,s' € Si. keK. (14)

AN

Consider now an edge f = t;t;+1 between two consecutive terminals #; and #; 41
of T¢. Let s be a Steiner node of Sj. Consider the solution (U7, I°) given by U,f =

(UNSD U ltis, sti1}, U7 = UJ, foreach j € {1,..., K}\k, and I° = (¢ U;.
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As s, 15) is feasible for the MSTSPOC it follows that ax?’ = axV’ = axV’ —
atthrl —|—alt +asll+l,1mply1ng that all+1 = atl +ak . Therefore, as nodes s, t; and
ti+1 are all arbitrary, we have

Sli+1°

k
a 1

o =argtal, foralltiti1 €Ty, s €S, kekK. (15)

Now, we will prove that all the edges linking a terminal to Steiner nodes of Sy have
the same coefficient ak Consider (U°, 6. 19) obtained from (U, I°) as follows: U =
(UP\{st:}) U {ss', s't;}, U6 U5 for each j € {1,..., K}\k and I® = |, U6,
where s and s’ are Steiner nodes of Sk (Recall that we assumed that |Si| > 2 for all
k € K). Since (U, I°) and (U°, 1) satisfy equation ax + by = «, thls implies that
axV’ = axU® = axU° — aft'_ + afs, + af,tk, and hence aé‘ = a , 4 ak gi;- BY (14), it

follows that

forall t;, € T, 5,5 € S,k € K,

k _ k _ yky,.
g, = as'ti - )Ll(tl) for some )»Ilc(ti) e R. (16)

Now, let A* = (WX, 2%), k € K such that ¥ = ()J‘(tl) t; € Ty) and A5 =
OL@v), u,v e Tk,uv ¢ UY) such that AL (uv) = a, — 2k @) — 2 (), k € K.
By (15), we have a,l_ fip = )J‘ () +k (ti4+1) for each two consecutlve terminals #; and

tiy1 of Tg.
The vectors A’f and )ch can then be given so that:

M) + 2 () if uv = fiti1, 1, ti1 € T,
I RO ifu ey, ve S,
v A o) + 2k @) + 2k ) ifuv =1, 1,1 € Tir j >,
0 ifu,ve Sk, u#v,
yielding
K= kMl +25ms  forallk e K,
as desired. O

By Proposition 1, we know that the only equations of MSTSPOC(G, K, T) are
equations (9) and (10). The matrix M of equations of MSTSPOC(G, K, T') can hence
be written as

M,
M,

Mk

where M is the matrix of the equations system (9) and (10) involving variables xé‘
for salesman k € K. Each matrix My, k = 1, ..., |K]|, consists of two sub-matrices.
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Fig.2 Matrix of equations for salesman k

The first one is a terminal-edge incidence matrix and the second is a restriction of
the identity matrix for the edges between non-consecutive terminals. More precisely,
each matrix My can be organized as in Fig. 2. The first m| columns correspond to the
edges between consecutive terminals (m1 = |Tk|). The next m, columns correspond
to the edges between non-consecutive terminals (my = py). The last m3 columns
correspond to the edges between the terminals of 7} and the Steiner nodes of Sy for
k =1,...,|K]|. Here, the first columns are related to the Steiner node s, the second
to so, and so on. The first |T;| rows of M} are associated with the terminals of Ty,
and the last ones are associated with the edges between non-consecutive terminals.
Note that the first | 7| rows of M} correspond to equations (9) and the last p; ones
correspond to equations (10). The sub-matrices Iy, ..., I|s,| are identity matrices and
are related to the Steiner nodes s1, . .., s)5,| of Sk, respectively.

Observe that M} contains two blocks consisting of two identity matrices, namely
11 and I (hatched matrices). Moreover, these matrices cover the rows of Mj. Hence
My is of full rank equal to |Tx| + p = THUH=D Therefore

rank(M) = " rank(My) = Y —‘Tkl(lgkl_l).

keK keK .
As a consequence, we have the following result.

Theorem 1

T (Tk] = D

dim(MSTSPOC(G, K, T)) = (IK|+ DI|E| — Z 3

keK

3.2 Facial investigation

In this section, we study the facial structure of the polytope MSTSPOC(G, K, T).
In particular, we give necessary and sufficient conditions for inequalities of the cut
formulation to be facet defining.

For convenience, we will suppose that each salesman has at least 4 Steiner nodes.

Theorem 2 Inequality xé‘ > 0 defines a facet of MSTSPOC(G, K, T) if and only if e
is not between non-consecutive terminals of Ty.
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Proof Let
F* = {(x, y) € MSTSPOC(G, K, T) : xk = 0}.

The necessity condition is a consequence of Remark 4.

Inkwhat follows, we suppose that e is not an edge between non-consecutive terminals
of T*.

Denote inequality xif > 0byax+by <« andletrx+qy < B be avalid inequality
defining a facet F of MSTSPOC(G, K, T). Assume that Fek C F. To prove that F, ek
is a facet of MSTSPOC(G, K, T), it suffices to show that there exist p € R and
r= I, j e K), 1 e RITil*Pi for j € K, such that g = pb and r = pa + LM

(where r = (P, 72, ..., r!Kly with r/ € R™ j=1,...,|K|and M is the equations
matrix defined above): Note here that a = (al, a, ..., a'K‘) is such that a' € R™,
i=1,...,|K|witha' =0fori € {1,...,|K|}\{k},a§=landa’e‘, =0fore # €.

Note also that b = 0.

We will consider the case e = 5152, where s; and s, are Steiner nodes of Si, the
proof for the remaining cases is along the same line.

First, we prove that ¢ = 0.

Consider the solution (U, 1°) given in Remark 1 and let f € E \ I°. The solution
(UY, 1"y such that I' = 19U {e} and U' = U? also induces a feasible solution of
MSTSPOC(G, K, T). Moreover, the incidence vectors of these solutions are in F Lk

and hence in F. This implies that ral’ ~|—qu0 = rxU’ —}—qyl0 +¢.,and hence gy = 0.
Since f is arbitrarily chosen in E\7°, we obtain that

qr=0 forall feE\I° (17)

Now, consider the solution (U 20 2) obtained as follows. Consider a salesman
|l € K and let f = f;t;11 be an edge between two consecutive terminals #; and 7; 41
of Ty. Let UP = (UP\{e}) U {15, stiy1} where s € S;. In addition, let U7 = U?,
J=1,.. K|, j #1,and I* = J;cx U7. And, let (U?, I?) be the solution such
that U3 = U?and I® = I?U{e}. Clearly, both solutions are feasible for the MSTSPOC
and are in Fe" Hence, rxV’ + qyl2 = rxV? + qy’2 + ge, which implies that g s = 0.
As f is arbitrary in 1°, this yields

qr=0 forall f el (18)
By (17) and (18), we then have

qr=0 forall f €E. (19)

We now show that r!s, =0 foralls,s” € S; such that either j = k and ss’ # e or
J € K\{k}.

Consider an edge ss’ between two Steiner nodes s and s’ of S; different from
e. Let (U4, 14) be the solution defined as follows: U,? = U,? U {ss’}, U;.‘ = U](.)

for all j € {1,...,|K[)\{k} and I* = U;cx U;‘. As ss’ ¢ UQ and ss' ¢ U},
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@y, U, yol") € Fe’: and consequently (xUO,OyIO), «U*, yI*y € F. By (19),
it follows that rxU" = rxV". Therefore rx¥ = rx¥ + rfs,, and hence rfs, =0. As

s and s’ are arbitrary in Sy, we then obtain that

rk, =0 forall s,5" € Sk, ss' #e. (20)

sS

Similarly we can show that

rl,=0 forallss’ € §;,1 € K\ {k}. 1)
Now, we will consider edges between consecutive terminals.
Consider a salesman / € K and let #;¢; 11 be an edge between two consecutive ter-
minals #; and #; 1 of 7;. Consider a Steiner node s of S; and let (U 67 6) be the solution
given by UP = (U\{titi41)) U {t;s, stit1}, Uf = UJQ foreach j € {1,...,|K|}\{l}

and 1° = UjeIKl U?. As (xUG, y16) is in Fek and hence in F, by (19) we have

v _ . uY_ I I I
rx =Trx rfifi+l + s + rSfiH Slit1"

and s are arbitrarily chosen, we have

consequently, rtliti+1 = r,ll_s +r Asl, t;, titq

l

I
rti

Stit1

oy =Ths T forall t;,t;11 €T, s€ S, 1 €K. (22)
Now, we will prove that all the edges linking a terminal to Steiner nodes have the
same coefficient.
Consider a salesman [ € K \ {k} and two Steiner nodes s and s’ in S;. Denote

(U7, I") the solution given by U17 = (Uf\{sti}) U {ss’, s't;}, U]7 = U? for each
J o€ {l.. KNI} and 19 = ;4 US. Clearly, xV", y") is in F} and thus in
F. The incidence vectors of (U®, I°) and (U7, I”) satisfy equation rx + gy = p.

.. . 6 7 6
As g = 0, this implies that rx" = rx¥" = rx¥" — sl 41!

ss’
I
rSl,'

s and t;1 are arbitrary, we then have

+ rﬁ/t.. Hence
Sk

1 1 . A |
o T T By (21), we obtain that TSt = Ty, As salesman /, and nodes s,

rl =r§,n forall t; €T}, 5,5 € S;,1 € K\ {k}.

Sti
In a similar way, we can show that

k k / ’
g, =Ty, forall i € Ty, s,5° € S, ss° #e.

The previous relation can be extended to s1, s7. In fact, if 5 € S \ {51, 52}, by the rela-
. . k k
tions above for every terminal #; of T, r,’l‘,sl =1, and rt]fsz = r;5- As a consequence,

k _— .k
we have ry =7, .

Overall, we obtain that

forall t;, €T, s,s' €8,,l € K,

L L 3l
Foty = Ty, = M) for some kll(ti)eR.

St;

(23)
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Now, let p = rkand A/ = (A1, 1%), 1 € K such that A} = (M (1).1; € To)
where All (#;) is as given by (23) and AL = (Alz(uv), u,v € Tr,uv ¢ Ulo) such that
M@y =rl, — A w) — ), 1 € K.

Overall, we obtain that

M) + 24 () ifuv =titiy1, ti,tip1 €71,
)\ll(u) ifueT,
S + X ) A ) ifuv =gty 1,15 € Ty, >
uv 0 ifl #kandu,v € S, u #v,
0 ifl=kandu,v € Sk, uv # s1s2,
P if | = k and uv = sys7.

It is not hard to see that, r! = pal + )*11 M { + )»éMé, for all/ € K. Consequently,
r=pa+ M. O

Theorem 3 Inequality y, < 1 defines a facet of MSTSPOC(G, K, T).
Proof See Appendix A, Sect. A.1. O

In what follows, we study the facial structure of the section cut inequalities (2).
Consider a salesman k € K and a section qf = (tj, tj4+1) € 1. Consider W a subset

of nodes of V]k such that7; € Wand ;11 € W.

Theorem 4 Inequality (2) defines a facet of MSTSPOC(G, K, T) if and only if W N
Sk 0 # W N Sk

Proof See Appendix A, Sect. A.2. O
Now, we examine the facial structure of the disjunction inequalities (3).

Theorem 5 Consider a salesman k € K, and w € V.

Inequality ) xif < 2 defines a facet for MSTSPOC(G, K, T) if and only if w is
e€d(w)

not a terminal of Tk.

Proof Let Fllj} define the face induced by inequality > x(’j < 2, thatis
eed(w)

F£ = {(x.y) € MSTSPOC(G. K, T): Y xk=2}.

e€dg(w)

The necessity follows from Remark 2.

Suppose that w € S, that is to say w is a Steiner node of salesman k. Let
Ty ={t1, 12, t3, ..., i1 }. We prove that inequalities (3) are facet defining by exhibit-
ing dim(MSTSPOC(G, K, T)) points in Fl’f) that are affinely independent. These will
be determined in two steps.
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Fig.3 Facial aspect of
disjunction inequalities:
configuration

2

We first exhibit g1 = (|K| + 1)|E| — ZjeK — |Tx| + 1 solutions of
MSTSPOC(G, K, T) that are in F,’j) These can be obtained as follows. Consider,
without loss of generality, the first section of salesman k, that is (¢, ) € 7 (see
Fig.3). Figure 3 shows the edges ey, e, . .., e|1;|—1, €|1|- These are the edges linking
the different terminals of Ty to the node w. Now, consider all the possible solutions
of MSTSPOC(G, K, T) that are obtained by inserting the Steiner node w between #
and 1,. Note that these solutions all use edges e; and e». Note also that, since w always
appears in these solutions, w can be considered as a terminal for salesman k. Hence,
the incidence vectors of these solutions are all in Fllf) and are nothing but the possible
solutions of the problem when w is added as terminal of 7} between #; and ;. Note
that all these solutions do not use any of the edges e3, e4, ..., e|1;|—1, €|7,|- Hence, all
the solutions built this way are also solutions of the polytope MSTSPOC(G, K, T'),
where T' = (T\T;) U Tk/ with T,; = Ty U {w}, is the new set of terminals of salesman
k.

By Theorem 1, there are dim(MSTSPOC(G, K, T')) + 1 solutions affinely indepen-
dentin MSTSPOC(G, K, T’). As all these solutions are in F,f) and |T)| = [T+ 1, we

then obtain (|K |+ )| E|— Y« LD 173 41 solutions affinely independent
in Fl’f).

Now, we will exhibit g = |Tj| — 1 further solutions in Fi‘}

Consider a Steiner node v € Si\{w} and let (Uj, Ij), j = 2,...,|Tx], be the

solution given by U} = (U\{tjtj41}) U {tjw, wv, vtj 41}, Uj = U} for each p €
K\{k},and I = UpeK U[],. Observe that solution (U7, 17) is nothing but (UO, 10) for
which we delete edge ¢ 1 and insert the Steiner nodes w and v respectively, between
tj and t;41. Also note that exactly two edges related to salesman k are incident to w
in each of these solutions. Hence, the incidence vectors of these solutions all belong
to F, L’j, Furthermore, it is clear that their incidence vectors are affinely independent.
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T
-
-

L

q2 B 1

1 1:. |‘. |, 1

Fig.4 Facial aspect of disjunction inequalities: matrix

Let L be the matrix whose rows are the incidence vectors of all the solutions
obtained above (see Fig.4). Matrix L is organized as follows. The first m columns
of L correspond to all the variables y,,e € E and xé, e € E,l € K except the

variables x¥ | x* xk  Thelast m/2 columns of L are associated with the variables

e Xeys o Koy
xé‘l , xé‘z, e, xé“m. The first g1 rows of L correspond to the solutions obtained in the

first step of the proof. The ones built in the second step correspond to the last g rows
of L.

Observe that the first g solutions use only edges among e; and e> and do not use
the m’2 — 2 last edges of matrix L, that are edges between w and terminals 13, . . ., 1|7
Moreover, these solutions do not use the edge #1#,. The other ¢» solutions uses each
time only one of the m last edges that is different from e;. Remark also that, in contrast
with the first g1 solutions, all the last py solutions use the edge #1#,. As the first ¢
solutions are affinely independent, it can be easily seen that the g1 + ¢ solutions are
affinely independent.

Thus, we obtain

g1+ = (KI+DIE[= Y ;e WD — dim(MSTSPOC(G, K, T)) affinely
independent solutions of Fff), which ends the proof. O

4 Valid and facet-defining inequalities
In this section, we present several families of valid inequalities for the MSTSPOC.

The main objective of this section is to study the facial aspects of these inequalities.
In particular, we describe necessary conditions and sufficient conditions for these
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inequalities to be facet-defining. For the validity of these inequalities the reader is
referred to Taktak (2024).

4.1 Steiner cut inequalities

The first family of valid inequalities is a straight consequence related to the connectivity
requirements of the problem. For a salesman k € K, as the solution is a Steiner tour,
every cut separating terminals of 7 must contain at least 2 edges (Taktak 2024).

Proposition 2 Consider a salesman k € K and let W C V such that W N Ty # 0+
W N Ty. Then

dooxi=2 (24)

ees(W)
is valid for MSTSPOC(G, K, T).
Inequalities of type (24) are called Steiner cut inequalities.

Theorem 6 Inequality (24) defines a facet of MSTSPOC(G, K, T) if and only if the
following hold.

1. W and W do not contain non-consecutive terminals of Ty, with at least one of
them having its successor and predecessor in W.

2. If IW N T| = 2 (resp. |WﬂTk| =2), then W N Sy # @ (resp. WﬁSk £ 0),

3. IfIWNTy| = 3 (resp. |W N Ty| > 3), then S C W (resp. Sy C W).

Proof Let F, ",‘V be the face induced by inequality (24) that is

= {(x.y) e MSTSPOC(G. K. T): Y  xk=
ees(W)

Neccessity.

(1) Suppose that W contains non-consecutive terminals #; and #; (see Fig.5). Con-
sider a solution (U, I) of MSTSPOC. By (2), t; must be linked to #;_; and ;41 by two
disjoint paths. Denote by P; 1 and P; » these paths. Also, there must exist a path P;
linking ¢; to W.Ast; andt; j are non-consecutive, this implies that the paths P 1, P,
and P; all intersect cut §(W). Thus, xk((S (W)) > 3 and therefore (xV, y ) does not
belong to Fy, k. But this implies that F¥, = @, and hence it can not define a facet.

(2) Now, suppose that condition 1) is satisfied, however condition 2) is not. Suppose
for instance that |W N 7| > 3 and W N S # @. Consider, without loss of generality,
the case where |W N T| = 3. Denote the terminals of 7 in W by #1, #, and #3 (see
Fig.6).

Consider a solution (U, I) of MSTSPOC, with U = (Uy, Uz, ..., Ulg|), such that
Y, y Iy e Fy, k Lete = t2s be the edge between 7, and a Stemer node s € W (see
Fig.6). Suppose that e € Uy. From constraints (2), there exist a path P; between ¢ and
its successorin W, a path P3 between 13 and its predecessor in W and a path P4 between
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Fig.5 Facial aspect for Steiner
Cut inequalities: condition 1

Fig. 6 Facial aspect for Steiner P
Cut inequalities: condition 2

W "

tp and 3. Moreover, as e € Uy, by (2), it follows that e must belong to the path joining
t1 and rp. Therefore, there must exist a path between the Steiner node s and the terminal
t1. This path is denoted P». Notice that Py, P>, P3 and {e} all intersect cut § (W) (see
Fig.6). As a consequence, x¥(8(W)) > 4 and hence (xY, yl) does not belong to
F ‘],‘V This implies that every solution of MSTSPOC such that (xV, y') € F. ‘],‘V satisfies
xk = 0. Hence F}}, C F¥, where F¥ = {(x,y) € MSTSPOC(G, K, T) : x* = 0}.
Here, e is not between non-consecutive terminals. By Theorem (2), it follows that F, ek
define a facet of MSTSPOC(G, K, T). Moreover, inequality (24) cannot be obtained
as a combination of xf > 0 and the equations of MSTSPOC(G, K, T),i.e. 9 and 10.
Consequently, F{‘V cannot define a facet of MSTSPOC(G, K, T).

3) Now, we will suppose that conditions 1) and 2) are satisfied. Assume however that
condition 3) is not satisfied. Suppose, for example, that [ WNTi| =2but WN Sy =0
(see Fig.7).

Consider a solution (U, I) of MSTSPOC with U = (Uy, Ua, ..., U|k)) such that
fity ¢ Ug. As xF(11) = 2 and x¥(t2) = 2 hold, it follows that x*(§(W)) = 4, and
hence (xU, y’) ¢ F¥. But this implies that F}, is contained in the face induced by
X,kl n = 1. Hence F",‘V cannot define a facet of MSTSPOC(G, K, T).

Sufficiency.

See Appendix B, Sect.B.1. O
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Fig. 7 Facial aspect for Steiner
Cut inequalities: condition 3

Fig.8 Steiner non-consecutive terminals: configuration 1

4.2 Steiner non-consecutive terminals inequalities

In this section, we introduce a further family of valid inequalities for the MSTSPOC.
Consider a salesman k € K and let w; be a terminal of 7;. Consider a Steiner node
s of S; and denote f = sw;. Denote the edges linking the Steiner node s with the
terminals of 7} non-consecutive to w; by ey, e, ..., e, (see Fig. 8).
Remark that if the edge f is considered in a solution &, it can be used to route
only one among the sections (w; 1, w;) and (w;, w;1). Thus, (exactly) one edge of

8'(s) =8(s)\{f, e1, ez, ..., ep} will be used in the solution S, and none of the edges
e1, e, ..., e, could be considered in S. Therefore the inequality
PR (25)
eed’'(s)
is valid.

In the following, we propose a generalization of inequality (25). Consider a sales-
man k € K such that |T;| > 4 and let w; be a terminal of 7. Consider a subset of

Steiner nodes S C Si and let IT = (Vp, Vi, ..., V,), p > 4 be a partition of V (see
Fig.9) such that:

1. Vo =S,

2. VinTy ={wj—, ..., wj_2,wj_1},
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Va

Vi v,

Fig.9 Steiner non-consecutive terminals: configuration 2

3. Vo = {wj},
4. V3N T ={wjt1, wjyo, ..., wjyp},
5. Vg, ..., Vparesuchthat V; N Ty #@and V; N Sy =0,i =4, ..., p (see Fig.9).

Denote by F;_1, Fj, Fj1 and E; the sets of edges of E such that ;1 = [Vp, V1],
p
Fi =1[Vo, Val, Fjz1 = [Vo, V3], and E; = U ([Vo, Vi1). With partition IT and the

i=4
sets Fj_1, Fj, Fjy1 and E, we associate the following inequality

D oxb= ) k. (26)

eed’ (S) ecF;

where §'(S) = Fj_1 U Fj41 = 8(S)\{E;, F;}. Inequality (26) express the fact that
the flow going from w; to a subset of Steiner nodes S € S; must be conserved in §
and only used to route sections that are adjacent to w;.

Proposition 3 Inequality (26) is valid for MSTSPOC(G, K, T).

Proof See Taktak (2024). O
Inequalities of type (26) will be called Steiner non-consecutive terminals inequal-

ities.

Theorem 7 Inequality (26) defines a facet of MSTSPOC(G, K, T) if and only if V1 N

Try ={wj_1} and V3N T = {wj41}.
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Fig. 10 Steiner F-partition
configuration

“““ F ®  Terminals of 7}

Proof See Appendix B, Sect.B.2. O

4.3 F-partition inequalities

The F-partition inequalities were first introduced by Mahjoub (1994). Further works
have shown the efficiency of this class of inequalities in solving different variants of
the survivable network design problem (see for instance Bendali et al. 2010; Huygens
et al. 2004; Mahjoub and Pesneau 2008). In what follows, we discuss a variant of these
inequalities for the MSTSPOC.

Proposition 4 Consider a salesman k € K and let T1 = (Vp, ..., Vp), p > 2 be a
partition of V such that |V; N Ty| > 1,i = 1,..., p. Let F C §(Vy) such that |F| is
odd. Then

IF|

KOEWVo, . VN =2 p—| 5

| @7)

is valid for MSTSPOC(G, K, T), and is called Steiner F-partition inequality.

Proof The following inequalities are valid for MSTSPOC(G, K, T)
xK@Vi) =2 foralli=1,...,p,
—xk(f) = —1 forall feF,
xK(g) =0 forall ge8(Vy)\F.
By summing these inequalities, we obtain

2658 (Vo, ..., Vp) \ F) > 2p — | F|
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By dividing by 2 and rounding up the right-hand side, we obtain

F
K@V, VO\F) = p— L|—2|J'

O

Observe that if | F/| = 2q + 1 for some integer g, inequality (27) can also be written
as

X EWVo, ..., V))\F) = p—q. (28)

Now, we will study the facial aspect of these inequalities.
First, we give necessary conditions for these inequalities to be facet-defining.

Theorem 8 Inequality (27) defines a facet for MSTSPOC(G, K, T) only if
1. EachV;,i €{l,..., p}issuch that

(i) Vi does not contain non-consecutive terminals of Ty,
(ii) if Vi contains (at least) three consecutive terminals, then S C V;,
(iii) if Vi contains exactly two consecutive terminals, then V; N Sy # 0.

2. F does not contain an edge between non-consecutive terminals of Ty,
3. ifsands’ are two Steiner nodes of Sy suchthats € Vi ands' € Vj,i,j € {1, ..., p}
and i # j, then V; and V; contain consecutive terminals.

Proof Let FI’-‘[  be the face induced by inequality (27), that is

|F|

FE p = {(x,y) € MSTSPOC(G, K, T) : x*(8(Vo, ..., V) \ F) = p — =1

Necessity

1) Suppose that condition 1) is not satisfied.

i) Suppose that V; contains non-consecutive terminals of 7;. Then, the following
hold for any solution of MSTSPOC(G, K, T)

ey =4
k@Vy)) =2 forall je{l,...,p}\{i}
—x*(f) =—1 forall feF,
x*(g) =0 forall ges(W)\F.
By summing these inequalities, we obtain
2@ (Vo, ... V) \ F) = 2p +2 — |F]|
This yields,

X |F|
@V, VINF) Z p— .
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which means that any solution of MSTSPOC(G, K, T) does not belong to Fll-‘[’ P
Hence, FI’%’  cannot be facet-defining.

ii) Now, suppose that V; contains 3 consecutive terminals, say #1, #> and #3 and that
Sk ;(_ V;. Consider a Steiner node s € Vj (s can also be chosen in any other V;, j # i
such that V; N S; # @). Let f = st,. Here f cannot be considered in any solution of
the face F, 1’% - The proof is similar to the previous case. By the use of edge f, we have
xK(8(V;)) > 4). Consequently, every solution of MSTSPOC inducing a point in F 1]'([ P
satisfies x? = 0. This implies that F]lfl’F is not facet defining for MSTSPOC(G, K, T').

iii) The proof of this case is similar to that of i7).

2) In the sequel, one can suppose that condition 1) is satisfied. Suppose that F
contains an edge e = f;w; between two non-consecutive terminals #; and w;. Clearly,
the following inequalities are valid for MSTSPOC(G, K, T)

k@) =2 forall i=1,...,p,
—x*(f)y = -1 forall feF\/{e},
x*(g) =0 forall ges(W)\F,
—xke) =0

By summing these inequalities, we obtain
2:56(Vo, ... V) \ F) 2 2p = (IF| = D).

By dividing by 2, we obtain
|F|
FEVo, .. V)\NF) = p - 5

As a consequence, F 1’-‘[ F cannot be facet-defining.

3) Suppose there are two Steiner nodes s and s’ of Sx and two sets V; and V;,i # j
such that s € V; and s’ € V; and V; and V; do not contain consecutive terminals, let
f = ss’. In what follows, we will prove that f can never be considered in a solution
of Fll-‘[’ - First, we state the following claim.

Claim If edge f is considered in some solution whose incidence vector is in Fllf[ P
then x*(8(Vi)) + x¥(8(V))) = 6.

Proof of the Claim: See Appendix B, Sect.B.3. O

Using the previous Claim and the results developed in the previous sections, the
following inequalities are valid for MSTSPOC(G, K, T)

k@) +xk @SV =6,

XK@ (V) >2 forall le{l,...,p}\{i,Jj},
—x*(f) > —1 forall feF,
x*(g) >0 forall ges(W)\F.
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The sum of these inequalities implies
2656V, ..., V)\F)>2(p—2)+6—|F| =2p+2—|F|.

By dividing by 2, we obtain

k |F|
H@Vo, o VONF) Z p 1= -
This implies that
|F| 1
X EWVo, ..., V))\F) = p— L7J+§»

and hence (27) is not satisfied with equality.

Consequently, every solution of FI]%’ F satisfies xﬁi = 0, yielding that F, 11-‘[  does not
define a facet for MSTSPOC(G, K, T). O
Next, we will give sufficient conditions for inequalities (27) to be facet-defining.

Theorem 9 Inequality (27) defines a facet for MSTSPOC(G, K, T) if

(a) every Vi, i =1,..., pissuchthat |V; NTi| =1,
(b) Vy is such that Vo N T = ¥ and |Vo N S| > [£17,
(c¢) F is such that

(i) |[Fl=pifpisoddand |F| = p — 1 if p is even,
(ii) |[FN3&(Vy)| <1foreachi e {l,...,p},
(iii) for each sj € Vo, if F N 8(sj) = {sju,sjv}, whereu € Vi and v € Vj,
i # J, then V; and V; must contain consecutive terminals.

Proof See Appendix B, Sect.B.4. O

The families of valid inequalities, previously studied, as well as the theoretical
results obtained in this section, have been used within a Branch-and-Cut algorithm
whose results are presented in Taktak (2024). As pointed out in Taktak (2024), these
inequalities have shown to be very effective in solving the problem for a variety of
random and realistic instances.

5 Further valid inequalities

In this section, we present further families of valid inequalities. These inequalities are
extensions of inequalities valid for related problems.

5.1 Generalized Steiner partition inequalities

The partition inequalities have got a particular interest and arise as valid inequalities
for several well-known problems. Introduced by Nash-Williams for the spanning tree
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problem in the beginning of the 60’s Nash-Williams (1961), these inequalities have
been later widely studied (Chopra 1989). In the beginning of the 90’s, Grotschel and
Monma use partitions for the connected subgraph polytope (Grotschel and Monma
1990). Later, Stoer (1992) introduces partition inequalities for both kECON (k-Edge
Connected) and kNCON (k-Node Connected) subgraph problems. The author inves-
tigates necessary conditions and sufficient conditions for these inequalities to be
facet-defining for the kECON and the kNCON polytopes. The partition inequalities
have also been efficient in modeling the Steiner tree problem. In Chopra and Rao
(1994a,b), Chopra and Rao introduce the Steiner partition inequalities and study their
facial aspect for the Steiner tree polytope. In Barahona and Mahjoub (1995), Bara-
hona and Mahjoub show that the partition inequalities, together with bound, cut and
odd-wheel inequalities give a complete description of the 2NCON for Halin graphs. In
further work, Baiou et al. (2000) propose a separation algorithm for these inequalities
based on submodular functions. For more results related to partition inequalities, the
reader is referred to Baiou et al. (2011).

Thus it seems to be interesting to look for an adaptation of partition inequalities
to our problem. In what follows, we give a more general class of inequalities called
Generalized Steiner Partition Inequalities.

Proposition 5 Consider a salesman k € K and let T1 = (V1, ..., V) be a partition
of V such that |V, N T| > 1,i =1, ..., p (p > 2). Suppose that Vi, ..., V,, r < p
contain respectively q; > 2,1 = 1, ..., r non-successive terminals (or sequences of
terminals).

Let S C Sy be a subset of Steiner nodes of salesman k. Then

GV, Vay o V) = (p+ Y i — 1) — || (29)

i=1
is valid for MSTSPOC(G, K, T).

Proof The idea of the proof is to replace each time the subset V; of the partition IT by
qi equivalent disjoint subsets. The proof is done by induction on r.

First, notice that if [S| > p + > /_, ¢i — r, inequalities (29) are redundant with
respect to the trivial inequalities (5).

In the sequel, we assume that [S| < p+ >/, gi — .

If r = 0, this means that all the sets V;, i = 1, ..., p contain either only one terminal
or a sequence of successive terminals. In this case, inequalities (29) are equivalent to
the following ones

FGo\s(Vi, Vo, . Vp)) = p — IS (30)
Consider a solution (U, I) of the problem with U = (Uy, ..., Ug,). If Ui does not
use any node of S, then Uy uses at least p edges from §g\s(V1, ..., V). As any
node of § can be used to route at most one section #;f;+1, then Uy must intersect

dc\s(V1,...,Vp) inatleast p — |S| edges, and thus inequality (30) is satisfied.
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Now, suppose that (29) is valid for » = h > 0 and let us prove its validity for
r=h+1.

We know thatr (r = h-+1) subsets of the partition contain non-successive terminals
(or sequences of terminals). Recall that these sets are the r first sets of the partition
I, denoted Vi, V3, ..., V;.. This means that the node sets V, 1, ...V, contain only
successive terminals (or sequences of successive terminals). Suppose, without loss
of generality, that the terminals (or sequences of terminals) of the sets V,._; and V,
are pairwise non-successive. Note that this hypothesis is not restrictive since we can
always consider it by a suitable numbering of the sets Vi, V,, ..., V.

Consequently, if we combine the sets V,._; and V, in one set called W, we get
exactly g,—1 + g, non-successive terminals (or sequences of terminals) in W.

Now, consider the new partition IT" = (V/, ..., VI;/) where p’ = p — 1, obtained
from IT by combining the two node sets V,_1 and V,. That is, I’ is defined as follows,

v ifjefl,.,r—2},
V;z ViUV, ifj=r —1,
Vit ifjel{r,..,p'}.

Observe that by construction, partition I1" contains exactly r’ = r — 1 node sets
V{,Vy, ..,V suchthat V/,i = 1,..r' contains g/, i = 1, ...r" non-successive termi-
nals (or sequences of terminals). Remark also that ¢/ = ¢; foralli =1, ...r" — 1 and
q;, = ¢r—1 + gqr. Since by hypothesis, (29) is assumed to be valid for the rank z and
r'"=r—1=h+1—1=h, wecan write

/

,
GV, Vay o Vi = (P + ) gl — 1) =S| (31)
i=1

Recall that by construction, the terminals of V,_; and V, are pairwise non-successive.
This means that there are no edges linking V,_; to V, in any solution, and hence
xk((SG\S(Vr_l, V:)) = 0. We can deduce, in consequence, that:

*Sa\s(V{, Vs, ..., Vi) = ¥ Be\s(Vi, Va, ..., V) (32)

Moreover, we know that

r’ r—2

P +Y g - =1SI=(p -1+ qi+q_;——1)—IS|
i=1 i=1
r—2

=(p—-14+> g+ @-1+g)—r+1)—IS|
i=1

=+ a-r—I|
i=1
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Consequently,
r r
P +> g - =1SI=(p+ Y a—r)—ISI. (33)
i=1 i=1
The result follows from (32) and (33). O

Notice that the Generalized Steiner Partition inequalities written for particular val-
ues of p, r, and |S|, coincide with some known inequalities in the literature.

—Ifp=2,r=0and|S| =1, denote W =V (W = V) and S = {s}. The
Generalized Steiner Partition inequalities (29) are hence equivalent to

K e\ (W) > 1. (34)

Inequalities (34) are known as the node cut constraints for the 2NCON problem
(Stoer 1992).

— If p > 2 and r = 0, the Generalized Steiner Partition inequalities (29) are equiv-
alent to

x*Ba\s(Vi, Va, ooy V) = p — |S| (35)

Inequalities (35) known as the node partition constraints for the ANCON problem
(Stoer 1992).

In Appendix C, we investigate the relationship between inequalities (29) and
inequalities (24), (3) and (5).

5.2 Generalized disjunction inequalities

In this section, we introduce further valid inequalities which, as inequalities (3) and
inequalities (26), come from the disjunction constraint in the problem.

Proposition 6 Consider a salesmank € K. Let W C V and F C §(W) such that | F|
is odd. Then
k k |F|
X (E(W)) +x (F)§|W|+|_7J (36)

is valid for MSTSPOC(G, K, T).

Proof We prove the validity of inequalities (36) for MSTSPOC(G, K, T) using a
Chvatal-Gomory procedure.
Clearly, the following inequalities are valid for MSTSPOC(G, K, T)

xK(@(v)) <2 forally; € W,

xk(f) <1 forall f € F,
—xk(g) <0 forallg e (W) \ F.
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By summing these inequalities, we obtain
26N (E(W)) + xX(F)) < 2|W|+ |F|
Now, by dividing by 2 and rounding up the right-hand side, we obtain

HEW)) + x5 (F) < W] + L'zﬂJ-

Inequalities (36) will be called generalized disjunction inequalities.

Notice that these inequalities look like the blossom inequalities for the TSP which
coincide with the 2-matching inequalities introduced by Edmonds (1965) in the context
of matching problems (Edmonds 1965).

In the following section, we will get more profit from this relationship and propose
to our problem an analogue of the well-known Comb inequalities of the TSP.

5.3 Steiner comb inequalities

Comb inequalities have been first discovered by Chvatal (1973) in the mid-1970s.
After that, Grotschel and Padberg (1979) proposed a generalization of these inequal-
ities.

The name "comb" comes from the form of these inequalities. Indeed, the vertices of
the graph are partitioned in subsets H and 71, ..., Trx+1, where H is called the handle
and Ty, ..., Tog41 are the reeth.

This type of inequalities have interested many researchers who show that they
are a powerful source of cutting planes for some classical problems and particularly
the TSP. The efficiency of the combs was first shown (Grotschel 1980) by finding
the optimal tour through 120 German cities, using a very small number of inequali-
ties. Comb inequalities have been also shown effective for survivable network design
problems. In Stoer (1992), Stoer introduces several classes of comb inequalities for
2NCON, 2ECON, and the kNCON problems. A deep facial investigation of the pro-
posed inequalities is also held by the author.

Proposition 7 Consider a salesman k € K. Consider a family of subsets of V, H
called the handle and T, Ttp,, ..., Tin, called the teeth such that

1. p > 3and odd,

2. for every two disjoint teeth Ty, and Tyn;, Ten, N Trny = 9,

3. for each tooth Tip;, |Ttn; N Tie| = 2,

4. foreachtooth Ty ;, HNTyn; # 9, Trn;\H # ¥, and one of the following conditions
is satisfied

a) if (HNTyy i YNTy = @, then Ty, i \ H contains at least 2 non successive terminals
(or sequences of terminals),

b) if (Tzhj \H)NT, = @, then HN Tzh,- contains at least 2 non successive terminals
(or sequences of terminals),
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Fig. 11 Steiner Comb
configuration

¢) (H N\Ti) N Tk # B and (T \H) N Ty # .
Then

p
HEH) + Y X 6(Tn))) = 3p + 1 (37)
i=1

is valid for MSTSPOC(G, K, T).

Proof The proof of the validity here is in the same spirit as the one given for the general
comb inequalities for the TSP Applegate et al. (2007).
Let us define for each i = 1, ..., p the parameter c; as follows:

o 1 if x* contains an edge between H N T,hj and T,hj \ H
© 7] 0 otherwise

By condition 2) the teeth are pairwise disjoint and we have xkS(H)) > f: 1 ¢i-In
addition, by definition of parameter c¢;, we have Z,'p: 1 ¢i < p.Since xk(s (H)) is even
and p is odd, we conclude that:

P
HFEH) =2 e —p+1 (38)
i=1
Moreover, by conditions 3) and 4), we can write for each tooth Tth_,.
K(8(Tin))) = 4 = 2ci (39)
By (39) foralli = 1, ..., p together with (38), we obtain
P P p
HKEH) +Y A GTa) Z2) e —p 1+ Y (4= 20).
i=1 i=1 i=1
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Notice that the parameter ¢; will disappear since quantity 2 le _; ¢i will be simplified.
This yields

14 )4
KEH) + Y X @(Tn)) = —p+14+) 4=3p+1.

i=1 i=1

6 Conclusion

In this paper, we have studied the Multiple Steiner TSP with Order Constraints (MST-
SPOC). We have considered the ILP formulation proposed for the problem in Borne
etal. (2013). We have investigated the associated polytope and studied the facial aspect
of its basic constraints. We have also described new families of valid inequalities, and
stated necessary conditions and sufficient conditions for these inequalities to be facet-
defining. Further classes of valid inequalities inspired from the TSP ones have also
been presented. The theoretical results presented in this paper are computationally
validated in Taktak (2024).

Several future research lines are interesting to consider. First, we would like to inves-
tigate the facial aspect of the Generalized Disjunction Inequalities and Steiner Comb
Inequalities described in the last section. It would also be interesting to study some
extensions of our problem. We may think about adding hop-constraints for the section
paths. That is the length of the path between two consecutive terminals of a given
salesman is not allowed to exceed a threshold of hops, which may have many practical
interpretations.

A Appendix: Facial investigation
A.1 Proof of Theorem 3

Let F, be the corresponding induced face, that is

F, = {(x,y) € MSTSPOC(G, K, T) : y. = 1}.

defining a facet F of MSTSPOC(G, K , T). Assume that F, € F. We prove that there
exist p €e Rand A = (\/, j € K), A/ € RITil*Pj for j € K, such that ¢ = pb and

Denote inequality y, < 1 by ax + by < a. Let rx 4+ gy < B be a valid inequality

r = pa + AM (where r = b2, P KD with rl e R™ G = I,...,|K|and M
is the matrix of equations defined above). N ote'here that b,/ = 0 for all ¢’ € E\{e}.
Moreover, a = (al, az, ..., a‘K|) is such that ' € R™ witha' =0,i =1, ..., |K].

In the sequel, we will distinguish two cases.

Casel.e e I°.

Suppose ¢ = t1t; is an edge between two consecutive terminals #; and #; of a
salesman k € K. We first show that every edge f in E \ I° has a coefficient ¢ f
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equal to 0. Consider the solution (U 0,719 and let (U!, I'") be the solution defined by
U' = U%and I' = 19 U {f}. It is clear that (xUO, ylo) and (xUl, yll) are in F, and
hence in F. Therefore, rxV’ quO =rxV 4 quO +qgyandthus gy = 0. As fis
arbitrary in E \ 19, this implies that

qr=0 forall fe E\I° (40)

Now, consider a salesman/ € K, and let t;¢;4+1 € 1 0\{e}. Consider a Steiner node
s of S; and let (U2, I?) be the solution given by U? = (U \{titi11}) U {tis, stis1},
U2 U0 Jell, . KNy and 17 = ;e U2 And let (U3, I*) be the solution
defined by U? = U2 and I = 12U {t,t1+1} As (xY ,y'z) and (xU°, y*) are in F,
and thus in F, we have rxV? + gyl = rxV? +qgy” + 11;4,» Which implies that
qn54, = 0. As t; and t; | are arbitrary in 77, and [ is arbitrary in K, we obtain that

qr =0 forall f eI\ {e}. (41)

Next, we will establish some relations between the components of vector r.
Considerasalesman!/ € K andlets and s’ be two Steiner nodes of S;. Consider again
the solution (U9, 79) and let (U*, I*) be the solution such that U14 = UIO U{ss'}, U;‘ =

U for j € {1..... |KI\{} and I* = ;¢ U} Clearly (xV°, y') and 2V, y!")

are bothin F, and hence in . Consequently, x ue —i—quO =rxU° —i—quO —i—réy, +qss'-
By (40), it follows that 7/ , = 0. And therefore,

rl,=0 foralls,s’ €. 42)

Now, consider [ € K, [ # k and let #; and ;41 be two consecutive terminals of 7;
and s a Steiner node of ;. Let (U, I°) be given as follows Ul5 = (Ulo\{titi+1}) U
{tis, st,+1} U5 U0 for j € {1,....IKI\{l} and I° = ;g Uf. Obviously

Y, y ) and (x , y ) are in F, and then in F. This means that rxU’ + qyl0 =
0

er +qy _rttH +rzs+rsz+l qtiti +qus +61sz,-+1 By (40), 6]:,3 = 4st; 4 =0.

Moreover, as | # k, by (41), g4;1;,, = 0. This yields r,l‘,,‘,+ ! rt s+rl . Assalesman

! and nodes s, t;, t;+1 are arbitrary, we obtain that

lit1”

1
rfi li+1

=ris+rl,,, forall ti, i1 €T, seS.lek\ (k) (43)

Similarly, we also obtain that

Fhpo =Ths +1a,, forall 4.ty € Ti, s € Sk, titiy1 # e (44)
Now, we will prove that the previous relation remains valid even when #;;41 =
e. Consider a Steiner node s of Sy and let (U®, I®) be the solution defined by

US = (UN\(titis1}) U {tis, stigr}s Uf = U]Q for j € {I,...,|K|}\{k} and
76 = (Ujex U]f.’) U {e}. We have that (xV", y/°) and (xV°, y/°) are in F, and thus in
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F. This implies that ral’ + q{ylO =rxU’ + qyl0 - r{jtm + ”z]js + rftm —qu4 T
qis + Gty + Gy, (recall that e = 1;;1). By (40) it follows that g5 = g5, =0,

implying that r,’f_,m = rtljs + rf,m. Hence,
rk =k 4k forall s € Si, fitisr = e (45)
From (44) and (45), we get
rt’ftw = r,]f,s + r‘ftw forall #,t4+1 € Ty, s € Sk. (46)

In what follows, we will prove that all the edges linking a terminal to Steiner nodes
of a salesman [ have the same coefficient in 7.

First, suppose that [ # k and consider two Steiner nodes s and s’ in ;. consider
again the solution (U, I°) given previously and denote by (U7, I7) the solution given
as follows Ul7 = (Uf\{st,-}) U {ss’, s't;}, U]7 = U; foreach j € {1,...,|K|}\l and
17 = UjeK U]7. It is clear that (xU7, yﬂ) is in F, and thus in F. The incidence
vectors of (U, I°) and (U, I7) satisfy that equation rx + gy = B. This, together
with equations (40), allow to write er5 = er7 = er5 — ri,[ + rSZS, + ”sl’z,-‘ Hence,
réti = ré_v, + r_ﬁ,ti. By (42), we obtain that rf,tm = r_ﬁ,ti

Similarly, we can show that, if / = k, rskl’_ = ’"f/z*
Thus, we get

forall t;, €T, s,s' €8,,l € K,

L L 3l
Foty = Ty, = M) for some kll(ti)eR.

St;

47

Now, let p = g, and A' = (A}, 25), 1 € K such that A} = W\ (1), 1 € Ty)
where All (t;) is as given by (47) and AL = (Alz(uv), u,v € Ty,uv ¢ UIO) such that
M) =rl, — A w) — (), 1 e K.

The coefficients r foralluv € E and ! € K can then be expressed in terms of )‘11
and )Jz as follows

A ) + 2 (v) ifuv =titi1, ti,ti11 €15,
o AL () ifueT), ves,
W A @) + AL ) + AL ) ifuv =gty 4t e T o>,
0 ifuv =s;sj, si,s;, €8 : j#Ii,

yielding r! = )‘11 M{ + )»leé forall/ € K as desired. Consequently, we have
q =pbandr = pa + M.
Case 2. The remaining case (i.e., e € E\I°) is similarly proved.
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A.2 Proof of Theorem 4

Let F, ‘lfv’j be the face induced by the section cut inequalities (2) corresponding to k, j
and W, that is

Fy' ={(x.y) e MSTSPOC(G.K.T): Y  xf=1).
e€5Gk_j(W)

Neccessity.

Assume for instance that W N S; = @. Thus, W is reduced to a single node, namely
terminal ;. Consider a solution (U, I) of MSTSPOC with U = (Uy, Ua, ..., Uk)|)
the edge sets corresponding to the salesmen 1, ..., |K|. Let U, ; be the restriction of
Uy on G]]?. By constraints (2), Uy must have two edges incident to ¢;. Hence, Uy, ; must
have exactly one edge incident to 7;. As W N S = @, the cut 8G1; (W) is reduced to

that edge. And therefore, the incidence vector of (U, 1), Y, yl ) belong to F {fV’j . But,

this implies that F ‘]fv’] € MSTSPOC(G, K, T), and hence it cannot be facet defining.
The case where W N S = ¢ is similar.
Sufficiency.
Throughout the proof, we will suppose that W and W contain each at least one
Steiner node of Sk. .
Denote inequality (2) corresponding to k, j and W by ax + by < « and let Fy, ki
{(x,y) e MSTSPOC(G, K, T) : ax+by = a}.Letrx +qy < ﬁbeavahdmequahty
defining a facet F' of MSTSPOC(G, K, T) such that F J C F. In the following, we
prove that there exist p € R and A = (Al,l € K), Ae R'T’H'pl for [ € K, such that

g = pbandr = pa+iM (wherer = (r!, 72, ..., r'K)ywithrl e R™,i =1,..., |K|
and M is the matrix of equations defined abovg). Note here thata = (a', a2, . .. . a'kh
is such that a' € R™, i—l L |K|witha' =0fori € {1,...,|K|}\{k}, a #0

for every e € (SGk (W) and a* o = 0 for every ¢’ € E\8Gk(W) Also note that b = 0.

First, we prove that ¢ = 0.
Consider the solution (U, %) and let e € E\I° be an arbitrary edge. Let (U!, )
be the solution given by I1 = 90U {e} and U! = U°. Both (U?, 1°) and (U!, I")
induce solutions in F /. This 1mp11es that thelr 1n01dence vectors satisfy equation

rx +qy = B. Consequently, rxV +qy = gxV +qy —|—qe, implying that g, = 0.
Since e is arbitrarily chosen in E \ [ 0. we have

ge=0 foralle c E\ I°. (48)

Similarly, we can show that
ge=0 foralle e I°. (49)

By (48) and (49) we then have

ge =0 foralle € E. (50)
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Next, we will establish some relations between the components of vector r.

First, we consider the edges between Steiner nodes.
Let! € K\{k} and s and 5" be two Steiner nodes of ;. Consider the solution (U?, 17)
and let (U*, I*) be the solution defined by Ul4 = UZO U {ss'}, U; = Ug for all

pef{l,...,|K|})\l and [* = UpeK P Clearly, xY ,ylo) and (xU4, y14) are both
in F"fV’j and thus in F. This implies that (xY ,y )and (xU4, y14) satisfy rx+qy = B.
Since ¢ = 0, we have rhxU% = kU 4 rﬁs,, which yields rﬁs, = 0. As salesman [

and nodes s and s’ are all arbitrary, we have

rl,=0 forall s,s" €8, [eK\/{k}. (51)

ss

Similarly, we obtain that

r, =0 forall s,s" € Sk, ss" ¢ 8k (W). (52)
J

AN
Now, we will consider the edges between terminals.
Consider a salesman [ € K \ {k} and let #; and ;4| be two terminals of 7;. Let s be
a Steiner node of Sl C0n51der the solution (U°, 1°) given by U, 6 — (U 0\{t, tiv1h) U

{t;s, st,+1} U6 foreachp ef{l,. |K|}\land16 = UPGK p-As(x 6,y16)

U0

isin FW and hence in F, it follows that rx¥" = rx¥" — rn i1 —H’, R +rn .,» implying

that rt fip1 = rt sl Salesman [ as well as nodes s, t; and ¢4 are all arbitrary,

therefore,

Sti41°

Fipy =Tos +7h,,  foralltitiy €Ty s €S, 1 €K\ (k) (53)

ilit1

If #; and t; 4 are terminals of T such that #;#;11 7 t;¢;41, we can also prove along
the same line that

k
ry = rtl +V forall t;,tit+1 € Ty, s € Sk, titiy1 # titjy1. (54)

tig1 — Stit1

Consider now two Steiner nodes s and s" of Sg such that s € W and s’ € W (recall
that W N Sy # @ and W N S; # @). Let (U7, I7) be the solution defined as follows:

Ul = (U,?\{tjtj+1}) U{tjs,ss',s'tj1}, U) = UY, foreach p € {1, ..., |K|}\k and
"= UpeK 7. As (xY 3% and (xY”, y!") are both in F{fv’j and thus in F, we have
raV’ = V7 = a0’ —r,kjtj+1~|-rt]_‘/,s+rfs,+rs ,yleldlng”t it ”z, +i’ ,—i-r o

Hence, we have

rtkl_tj+1 = r,k,_s + rfs/ + rf/tw foralls,s' € Sy, s€ Wands' e W.  (55)
In what follows, we will look at the coefficients of edges between terminals and
Steiner nodes.
To this end, consider first a salesman [ € K\{k} and let (U8, I3) be the solution
obtained from (U°®, I°) as follows, UF = (UP\{sti1}) U {ss’, s'ti 11}, US = U for
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each p € {1,...,|K|}\l and I® = UjeK U/s, where s and s’ are Steiner nodes of
S;. Since (x°, y’ﬁ) and (ng, y*) are both in F‘]f‘,’" and thus in F, this implies that

er6 = r)cU6 —rl +r ,+r .By (51) it follows that r! ri,t,H.As salesman
+ 1

Sti+1 Stig1 —

[ and nodes s, s’ and ¢; are all arbitrary, we have

forall ; €Ty, s,s' € 81,1 € K\ {k},

I 5l
Tsty =Ty = A () for some AII (i) e R. (56)
If I = k, along the same way we obtain that
forall t; € Ty, 5,5 € Sk, 55" ¢ 8-« (W)
rk — r = )"k(tl) ! ¢ G./ (57)

St;

for some )Jl‘(ti) e R.

Suppose now that s and s are Steiner nodes of Sy such that ss’ ¢ Sgr.j (W).
Consider the solution (U?, I°) defined as follows, U,? = (U,?\{tjtj_H}) Uftjs, stjr1),
U9 U0 foreach p € {1, ..., K}\k and 1° = UpeK U[97. We also define (UIO, 110)
by. U10 = (U9\{tjs}) U {tjs’,ss'}, U)X = U}, for each p € {1,.., K}\k and

710 = UpeK » 0. Solutions (xU”, y”) and (xUlO, ') are both in Fév’j and thus in

9 10 10 —_
F.Asa consequence we have rx¥" =rxV" =rxU" — r,’j + rk gt rk ./, yielding
r,k = r Ly T r ;. By (52), it follows that rt = r Slmllarly, we can show that
r,"jﬂs = rtk And since s and s’ are arbitrary in Sk, we have

forall s, s” € Sk, ss" ¢ 8ges (W), t; € {t), tj41},

k _
Tiis = ’_)”() for some AK (1) € R.

i

(58)

Now, suppose that ss” € SGk (W) with s’ € W and s € W. Along the same line, we

/ .
can prove that rt = r ot r o and rk s =T +1é’ + r .. As s and s are arbitrary,
we have the followmg

i foralls,s’ € Sg, s e W, s e W,

T = rt gtr 59)

”/ ti €{tj, tjiy1}.

Now, we will go back to the case that we left in the beginning of the proof, concerning
edges between Steiner nodes of Sy that belong to §;« (W).
J

Consider salesman k and let 51, 57, s3 and s4 be Steiner nodes of S; such that, s; and
s3arein W, and s; and s4 are in W (s1 and s3, 57 and s4 may be the same). By (59) and as

ko Lk k ko _ Lk
5152, 5384 € SG/;_(W), wehavethat, ry o =1y o Frgandrg =1 —|—rs354

. . k _ .k

Moreover, by (58) and since 5153, 5254 ¢ SGk (W), it follows that Ttioist = Tiiarss and
k k —

Ttivrsy = Ttipise yielding rm2 = v3v4 As s1, 52, 53 and s4 are all arbitrary in Si, we

then have
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for all sy, s2, 53, 54 € Sk,
kK _ kK _
Fisy = Tysy = 0 S152: 8354 € 3 (W) (60)

for some p € R.

Now, let p € R be as given by (60) and A= ()Ll,klz), | € K such that
A= (@), e Ty) where A\(#) is as given by (56), (57), (58) and (59).
Ay o= ), u,v e Ti,uv ¢ UP) such that Ay(uv) = rl, — A w) — M),
leK.

Overall, the coefficients r., for all uv € E and I € K can then be expressed in
terms of p, All and AIZ as follows

M) + 24 (v) ifl £k, uv=rttir1, ti,tiy1 €Ty,
M) + 15 ) ifl =k, uv=titiy1, ti, tig1 € Te, uv # tjtj11,
p + 2@ + 2% (v) ifl =k, uv=tjtj,
M () ifl #k, ueT ves,
l M) ifl =k, ueT\{tj tj+1}, v e Sk,
Fuw = p + Ak @) ifl =k, ueT\{tj,tj+1}, v € Sk, uv € S (W),
J
A uv) + 2L @) + 2L ) ifuv =gty 4t € Ty i >,
0 ifl #kanduv = s;s;7, si, 857 €8y, i’ #1,
0 ifl =k and uv = s;syr, si, ;i € Sk, sispy & S (W),
J
P if I =k and uv = s;5;7, i, 8 € S, 8isir € gr (W).
J

Clearly, rl = pal + All M{ + )\IZMé, foralll € K. As a consequence, r = pa + AM,
and the proof is complete.

B Appendix: Valid Inequalities
B.1 Proof of Theorem 6 (Sufficiency)

In the sequel, we suppose that conditions 1), 2) and 3) are satisfied.

Denote inequality (24) corresponding to k and W by ax +by < a.Letrx+qy < B
be a valid inequality defining a facet F of MSTSPOC(G, K, T). In the following, we
prove that there exist p € R and A = ()J,l e K), A e RITIHP for | € K, such that
q =pbandr = pa+ M.

First, we prove that g = 0.

Consider the solution (U°, I°) and let e € E \ I° be an arbitrary edge. Consider
also the solution (U!, I") such that I' = 19U {e} and U' = U°. Both induce vectors
that are in F’V‘V and thus in F. This implies that g, = 0. Since e is arbitrarily chosen in
E \ I°, we then have

ge=0 forallec E\I°. (61)

Now, consider the solution (U 2 2) obtained as follows. Consider asalesman!/ € K
and let e = t;¢;4+1 be an edge between two consecutive terminals # and ¢4 of 7;.
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Let Ul2 = (Ulo\{e}) U {t;s, sti;1} where s € §; is a Steiner node of salesman /. In
addition, let UJZ = U;), j=1,...,K,j #1,and I* = UjeK U]Z. Now, let us
define the solution (U3, I3) given by U3 = U? and I3 = I? U {e}. Both are feasible
solutions of MSTSPOC inducing vectors that are in F, é‘v and hence satisfying equation
rx 4+ gy = B. As a consequence, we obtain that g, = 0. As e is arbitrary in 19, this
yields

ge=0 foralle e I°. (62)
By (61) and (62) we then have
ge=0 foralle e E. (63)

Next, we will examine vector r.

Consider a salesman [ € K \ {k} and let s and s’ be two Steiner nodes of S;.
Consider the solution (U?, 1°) defined above and let (U*, I*) be the pair defined by
Ut =Ulu {is/},OU;‘; = U24f0r ezll pefl,... KN and I* = U g Uy Itis
clear that (xU", /") and (xU", y/") are both in Ff, and thus in F. This implies that
U vy and (xU°, y!*) satisfy rx +qy = B. Since ¢ = 0, we have rx¥’ = rxU* =
rkaO + rf,s/, which implies ris/ = 0. As salesman / and Steiner nodes s and s’ are
arbitrary, we have

rl,=0 forall s,s" €S, [ € K\ {k}. (64)

s

Similarly, we can show that,

rk, =0 forall s,s" € Sk, ss' ¢ 8(W). (65)
The case where ss” € §(W) for s, s’ € S will be treated at the end of the proof.
Consider a salesman/ € K \ {k} and let #; and ;| be two terminals of 7;. Let s be

a Steiner node of S;. Consider the solution (U°, I°) given by U 16 = (U,O\{t,- tivihu

{tis,6st,~+61}, US = Uy, for each p € {1,..., |K|}§{l} and016 = Upex US- As
Y, yyisin Fé‘v and hence in F, it follows that rx¥" = rxV _rt[itiJrl —+—r,ll_s+r£tl_+l,
implying that r,li i = rtli s+ rﬁtm. Therefore

Tigo =Tos + 7y, foralli, iy €Ty, s €8, 1€ K\ {k} (66)

Now, suppose that #; and #; 1| are terminals of Ty such that ¢, | ¢ 6(W). Suppose,
without loss of generality, that #; and #; | arein W. Consider a Steinernode s € SyNW.

Along the same line, we can prove that r,’lf,H = rt’js + rf,i+ - Hence,
forall s, tj41 € T N W (resp. Te N W),
My = ks 41} pin € BT AW e

Stit1 s € Sy N W (resp. Sk nw).
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Suppose now that #;¢;+1 € §(W) such that #; € W and lit1 € W. Consider two
Steiner nodes s and s’ of S such that s € W and s’ € W. Let (U’,17) be the
solution given by U,Z = (U,?\{t,'tiH}) U {t;s,ss’, s'ti11}, U; = Ug, for each p €

(L. KNk} and 17 = U g UL As 2V°, y1°) and (xV’, y17) are both in F¥,
and thus in F, we have rxU’ = rx¥U" = rxV" — tf+1 g+, 4k, yielding
r,’lf,i+ 1 rtl + rw, + r‘f, . As nodes t;, t;11, s and s are all arbltrary, we then have

forallt;,tiy1 € Ty, t; € W, tiy1 € W,
Sti+1 foralls,s’ € Sg, se W, s’ e W.

k

Tt = r

his +r /~|—r (68)

In the following, we will look at the coefficients of edges between a terminal and
Steiner nodes.

To this end, consider a salesman / € K\{k} and let (U 8 I8) be the pair obtained
from (U’, I) as follows: Ul8 = (U17\{st,-+1}) U {ss’, s'tix1}, U1§ = U17J for each
pe{l,....|KI)\{{} and I® = UjeK Ujs, where s and s are Steiner nodes of S;.
Since (xU7, y17) and (xUs, yls) are both in F;‘V’j and thus in F, this implies rxV =
rxV® = rxV - + r , + ri, . . By (64), it follows that ! =7 As

it

Ytl+1 Stit1 s'tip1”
salesman /, and nodes t;, s and s’ are arbitrary, we have

forallt; € Ty, s,5' € S;, [ € K\ {k},

l ! !
Foro = Vo = A (&
st s't; 1(t) for some )»11 (1) e R.

(69)

Similarly, we can show that

forall t;, tit+1 € T N W (resp. Ty Nnw),
Ny =7ty =M(t) foralls, s € SN W (resp. Sk N W), (70)
for some A (&) e R.

r

Now, consider again the terminal #; and suppose now that {t;_1#;, titi+1} SZ S(W).
Consider the two Steiner nodes s and s’ and suppose that #; and the set {s, s’} are
situated on different sides of the cut §(W). Thatis t;s € §(W) and st;+1 € §(W). The
same reasoning as the previous ones enables us to write

k forallt; € Ty, s, s’ € Sk, st; € §(W) and s't; € §(W),

st _r, = 1) for some Al (1;) € R.

(71)

Now, we will consider the case where ti and s'arein Wands € W. Similarly, we
can have the following relation r[ké =rk s T r”, And since #;, s and s” are arbitrary,
we have
kok 4k forallt; € Ty, s, € Sk,

Y ss’ st; € (W) and s't; ¢ §(W).

T'st; s't;

(72)
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Now, we will go back to the case that we left in the beginning of the proof, concerning
edges between Steiner nodes of Sy that belong to §(W).

Consider salesman k, a terminal #; of T} and let 51, 57, 53 and s4 be Steiner nodes
of Sy such that, s; and s3 are in W, and ¢{, s» and s4 are in w (s1 and s3, resp. s2
and s4,may be the same). By (72) and as s1s2 € 6(W) and s3s4 € (W), we have the
following, r,kl 5 = r,"1 st r!flsz and r,"ls3 = rt"1 st rs’;S ,- Moreover, by (71) and since
sis3 ¢ 8(W) and sps4 ¢ §(W), it follows that rf = rf and rf =rf . yielding

rskls2 = rskm. As s1, 52, 53 and s4 are all arbitrary in Si, we then have

for all sy, 57, 53, 54 € Sk,
k k W

Fsis9 = Vsysy =P S1,83 € W and 53,54 € W, (73)
for some p € R.

Now, let p € R be as given by (73) and A=k, )Jz), | € K such that )\ll =
(WL, ti € Ti) where M) (4;) is as given by (69), (70) and (71). A5 = (A (uv), u,v €
Ty, uv ¢ UP) such that A5 (uv) = rl, — 2\ ) — 2 (v),1 € K.

Overall, the coefficients r., for all uv € E and I € K can then be expressed in
terms of p, )“11 and Alz as follows

M @) + A (v) itl #k, uv=titiy1, t;, ti+1 € 1,
M) + A5 (v) ifl =k, uv=t;tiy1, t;,tiy1 € Ty, uv ¢ 8(W),
o+ @) + 2k w) ifl =k, uves(W),
M () ifl £k, ueT, ves,

A P ifl =k, u €Ty, ve Sk, uv¢ (W)

v o+ 2K w) ifl =k, ueTy ve Sk, uves(W)
M@v) + 2@ + A ) ifuv =1t 4,1 €Ty, >,
0 ifl #kanduv =s;s;, si,5; €81, j#1I,
0 if | =k and uv = s;5;, 8i,5; € Sk, uv ¢ §(W),
P ifl =k and uv = s;5;, 5;,5; € S, uv € §(W).

Clearly, rl = ,oal +All Mi +)»12M£, forall/ € K. Asaconsequence, r = pa+iM
and the result follows.

B.2 Proof of Theorem 7

Necessity

Assume for instance that V| contains terminals predecessor to w ;1 (the case when
V3 contains terminals successor to w41 can be treated in a similar way). Consider
the partition IT" = (V5, V|, ..., VI/,), where

Vi=Vi\{wj ..., wj2},
Vi=VaUfwj, ..., wj2},
V! =V;, otherwise.
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It is clear that the left-hand side of inequality (26) with respect to partition I1" is
less or equal than that of partition I1. Moreover, the right-hand side of inequality (26)
is the same for both partitions IT and IT’. This implies that inequality (26) induced by
partition I1" dominates the one induced by partition IT. As a consequence, (26) cannot
be facet defining for MSTSPOC(G, K, T).

Sufficiency

In what follows, we will assume that Vi N T = {w;_1} and V3 N T} = {w;41}.
Note here that V| and V3 may contain Steiner nodes of Sy.

Denote inequality (26) by ax 4+ by < « and let

Ffg={(x.y) e MSTSPOC(G.K.T): Y  xk=) xk.

EGF,'_IUFj+| eEFj

Letrx 4+ gy < B be a valid inequality defining a facet F of MSTSPOC(G, K, T)
such that F jk g € F. In the following, we will prove that there exist p € R and
A= 1eK), Al e RTIFP for[ € K, such that g = pb and r = pa + A M. Notice
here that a = (a', a2, ...,a' ) such thata’ e R",i =1, ..., |K| with a’ = 0 for
ie{l,...,|K|}\{k}, aif # Oforeverye € F;_1UF;UF;y1 and af, = 0 for every
¢’ € E\(Fj—1 UF; UFj41). Remark also that b = 0.

First, we prove that g = 0.

Consider the solution (U°, I°) and let e € E \ I° be an arbitrary edge. Consider
the solution (U, I') given by U! = U® and I' = 1° U {e}. Note that the incidence
vectors of solutions (UO, 10) and (Ul, Il) are in FJ"S This means that (x UO, y’o) and
(xU', y!") satisfy equation rx+qy = B.Consequently, rxV" +¢y!’ = rxV' +qy!' =
quO + quO + g., implying that g, = 0. Since e is arbitrarily chosen in E\7°, we
have

ge=0 forallec E\ I°. (74)

Now, consider the solution (U 2] 2) obtained as follows. Consider a salesman
l € K and let ¢ = w;w;4+ be an edge between two consecutive terminals w; and
w;+1 of Tj. Let U12 = (Ulo\{e}) U {w;s, swi4+1} where s € §; is a Steiner node of
salesman [ (if [ = k s could be either in S or in S\S). In addition, let U]? = U;.),
j=1,...,1K|,j #1,and 1 = U/eK UJZ. Now, let us define the solution (U3, 13)
given by U? = U? and I° = I? U {e}. The incidence vectors of both solutions
(U2, I?) and (U3, I®3) are in F]]'{,S’ and hence they satisfy equation rx + gy = . Asa
consequence, we have rxV’ +qyl2 =V’ +qyyl3 = rxV? +qyl2 ~+¢e, which implies
that g, = 0. Recall that 7 is the set of edges between the consecutive terminals of all
the salesmen. As e is arbitrary in 1°, this yields

ge=0 foralle e I° (75)
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By (74) and (75) we then have
ge=0 foralle € E. (76)

Now, we will examine the coefficients between Steiner nodes.

Consider a salesman [ € K \ {k} and let s and s’ be two Steiner nodes of S;.
Consider the solution (U°, I°) defined above and let (U?, I*) be the pair defined
by U}t = Ué0 U iss/}, U, = U%for all p e {1,...,|KI)\{l} and I* = g Uy
Clearly (xY", y'") and (xY", y!") are both in Fjl'{,s and thus in F. This implies that
@Y%, vy and (xV*, yI*) satisfy equation rx + gy = B. Since ¢ = 0, we have
rxU’ = pkyU° 4 ris,, which yields rsls, = 0. As salesman [ and Steiner nodes s and s’
are arbitrary, we have

rl,=0 forall s,s' €S, [ €K\ (k). (77)

Now, consider salesman k and suppose that s and s’ are Steiner nodes of S; such
thatss” ¢ 8(S). That is, ss’ is an edge between two Steiner nodes which are both either
in S orin S \ S. Let (U, I°) be the solution defined as follows Uk5 = U,? U {ss'},

. 5 5
Uy = U forall p e {1,...,|KI}\{k} and I° = |,k U,. Obviously, (xV", y'")
isin F ]k 5 and hence in F. As a consequence, the incidence vectors of (U 079 and
(U3, IP) satisfy equation rx + gy = f. Since ¢ = 0, it follows that rfs, = 0. As s and
s’ are arbitrary in Si, we have that
rk, =0 forall s,s" € Sk, ss' ¢ 8(S). (78)
Now, consider four Steiner nodes of salesman k denoted sy, 52, 53 and s4 such that

s1,83 € Vo and 52,54 € Vi (resp. 52,54 € V3). Note that 51 may coincide with s3,
and similarly s, may coincide with s4. Let (U 6. 1%) be the solution defined as follows

UP = UN\wjwj1Ufwsi, s1s2, sawjp1}, US = USforall p € {1,..., [K[}\{k}and
16 = UpeK Ug. Consider also the solution (U, I”) given by Uk7 = U,?\ij/url u
{wjs3, 5384, sqwjp1}, Uy = Up forall p € {1,..., |[K|\{k} and 17 = g U}.

It is clear that (xUé, y16) and (xU7, y17) are in FJ]."S and hence in F. Since g = 0,

C 6 6
this implies that rx¥" = rxV" — rflsz + rfm + rS];M + rﬁsz. As s1s3 ¢ 8(S) and
sa52 ¢ §(S), by (78) we obtain that rk = rk  As Steiner nodes sy, s, s3 and s4 are

5152 5354 °
arbitrarily chosen in Si, we have

for all s1, 52, 53, 54 € S,
e =i =P s152 € 8(S) and s354 € 8(5) (79)
for some p € R.

Next, we will establish the coefficients between terminals.

Consider a salesman /[ € K and let w; and w;4 be two terminals of 7;. Let s be a
Steiner node of S; and consider the solution (U3, I8) given by Ul8 = (Ul()\{w,- wit+1HU
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{w;s, sw;t1}, Ug = Ug,foreachp e{l,....|K|}\{{}and I® = UPGK Up Itis clear

that when [ # k, the incidence vector of solution (U 81 8) is in F k . Note here that

when / = k, one can also easily check that (x oyt ) is in FX for all choice of the
Steiner node s (either s € S or s € S¢\S) and for every ch01ce of termmals w, and

w;4+1 (in particular w;w; 41 can be equal towjwjy1 Or wj—jw;). As (x , y ) isin

k N /L N /L | ! !
F; g and hence in F, it follows that rx¥" = rx¥" =rx Fwwipr T Twis T Fsw s

1mply1ng that rw[ Wigt
arbitrary. Therefore

= w[.s + rswi+1' salesman / and nodes s, w; and w; 4 are all

! =1y Frhy,, forallwj wiy €T), se8, l€K. (80)

r =
Wi W41 w;s

In what follows, we will look at the coefficients of edges between terminals and
Steiner nodes.
Consider asalesman!/ € K \ {k} and let (U?, I°) be the pair obtained from (U8, 1%

as follows, U = (UP\{swi 1) U{ss’, s'wit1}, Uy = U forall p € {1, ..., [K[}\{l}
and I° = J;cg U}, where s and 5 are Steiner nodes of ;. Since (xV ,y’g) and
Y’ ylg) are both in FkS and thus in F, this implies that rxV® = rxVU° = pxU% —
rslwl_+1 + ri + rY,w o . By (77), it follows that r/ 1 = ri/w " . As salesman /, and

nodes w;, s and s’ are arbitrary, we have

forallw; € Ty, s,s' € 8§, 1 € K\ {k},

for some All (w;) € R. @D

. = rl,wi = 2 (w;)

Sw; s

Consider two Steiner nodes s and s’ of Sy such that ss’ ¢ 8(S). Let (U'?, 10)
be the solution such that U!* = (Uk\{wller]})U{w s, swiyr}, UY = U, for all
pe{l,...,|K|)\{k} and 110 = Upex Up. We also define (U“,]“) by Uull =
(Uklo\{wis}) U {w;s’, ss’}, Ull,1 = U]go, for all p € {1,...,|K|}\{k} and 111 =
Upek U[],1 Note that (xV", y’lo) and (xU"", y’“) are both in F,ks and thus in F. As

vto _ ylo k k k kK _
a consequence, we have rx =rx —Tys t T s’ +rig. As by (78), Ty = 0, we

k

have Fuys = r{f} e And since w;, s and s are arbitrary, we can write
13

forall w; € Ty, s,s € Sk, ss’ ¢ 8(S),

ko ok ake
Tugs = Ty = M (Wi) forsomekll(wi)ER

(82)

If ss” € 8(S), we can similarly show that rl’f)l_Y = r{f},s, + rfx,. Since w;, s and s’ are
. N l
arbitrary, we have

forall w; € Ty, s,s” € Sk, ss’ ¢ 8(S),

for some All (wj) € R, peR. (83)

k k k l
gy =Ty, T 1oy = A (Wi) +p
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Now, let p € R be as given by (79) and Al = ()J,)Jz), | € K such that
Moo= ), w; € Ty) where AL (w;) is as given by (81), (82) and (83). ) =
L), u,v € Ty, uv ¢ UP) such that Al (uv) = rl, — 2l () — [ (v), 1 € K.

Overall, the coefficients r., for all uv € E and I € K can then be expressed in

terms of p, )“[1 and AIZ as follows

A ) + 2 (v) ifl #k, uv=w;w;t1, w;, wiy1 €17,
AL @) ifl £k, uel, ves,
AL () ifl =k, ueTy, ve Skuv¢ss)
o o+ M) ifl =k, ueTy, ve Sk, uved(S)
uv A @) + M @) + M ) ifuv = wiw;, wi,wi €Ty, j o>,
0 ifl #kanduv =s;5;, s;,5; €Ty, j#1,
0 if | = kanduv = s;55, 5;i,5; € Sk, uv ¢ 8(S),
0 if | =k and uv = s;s;, si,5; € S, uv € §(3).

It is clear that r! = pal + )J] M{ + )leMé, forall/ € K. We then deduce that
r = pa + LM and the result follows.

B.3 Proof of Claim 4.3

If edge f is considered in some solution, there are two possible configurations.

— The first corresponds to the case where f is not used to route some section of
salesman k. Consider solution (U!, I') defined as follows: Uk1 =Un f and
U/1 = UJQ, j =1 1,...,|K|,j #k, amdll1 = Ujek U}. In this case, iltisnothard
to see that xU ¥(§(V;)) > 3 and xV %(8(V;)) > 3 and hence xV *(§(V;)) +
UK (V))) = 6.

— The second configuration is when edge f is used to route some section of salesman
k. Suppose, without loss of generality, that this section is (¢, t;+1), where #; €
Vi and t;y1 ¢ (V; N V;). Consider solution (U?, 1?) defined as follows: Uk2 =
UN\Giti + 10 {tis,ss',s'tip) and UF = U9, j = 1,..., K, j # k,and I* =
Ujex U}. Clearly, the following hold for solution (U2, I2): xU**(§8(V;)) = 2
and xU**(8(V})) > 4. And this implies that xU** (8 (V;)) + xU"k(8(V)) > 6.

B.4 Proof of Theorem 9

Denote inequality (27) by ax + by < «. Let rx + gy < f be a valid inequality
defining a facet F of MSTSPOC(G, K, T) such that FII_‘I’F C F, where FII_‘I’F is the
face induced by inequality (27). In what follows, we prove that there exist p € R and
r= @1 e K) A e RTHP for | € K, such that ¢ = pb and r = pa + AM.
Notice here that a = (a', a2, ..., a'X!) such that a' € R™, i = 1,...,|K| with
a' =0fori e{l,...,|K|}\{k}, aif # 0 for every e € §(IT)\ F and aif, = 0 for every
¢’ € E\(§(IT)\ F). Note also that b = 0.
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Fig.12 An odd wheel
configuration

Terminals of T},

Throughout the proof, we will suppose for convenience that the edges of F are
linking Steiner nodes of V) to terminals of V;,i = 1, ..., p. Moreover, we will restrict
ourselves to the case where p is odd, the case where p is even can be done along the
same line. Remark that, under this hypothesis, we have an odd-wheel configuration as
shown in Fig. 12.

In the sequel, we will suppose that the terminals of Vi, V2, ..., V), are consecutive.
We will refer to the terminals of these sets by #1, 12, . . ., #,,. In addition, we will denote
the edges of F' by fi, f2, ..., fp, where f; =t;5;,i =1,..., p.

First, we prove that g = 0.

Consider the solution (U 01 0) andleter, ez, ..., e be the edges between consec-
utive terminals (¢; = t;;41, with t,,, 1 = #1). Note that U0 = {e1,....ep}.

Let (U', I') be the solution given by

Ul = {e1., €2, f3.5354, far €4 f5, ..., €p—1, [p.Sp—15p, f1} and U} = U,(-), J=
I,...,K,j # k, and I = UjeK U} (note here that one can have s3 = s4 and/or
sp—1 = Sp). Consider an edge g € E \ 1" and let (U?, I*) be the solution given by

U?=U'andI?>=1'U {g}. Itis not hard to see that the incidence vectors of solutions
(UY, Iy and (U2, I?) are in Fl’fLF. This means that (xU', y/') and (xU°, y°) satisfy

. Ul 11 U2 12 Ul Il
equationrx+qy = f.Consequently,rx” +qy' =rx" +qy" =qx” +qy' +qe,
implying that ¢, = 0. Since e is arbitrarily chosen in E\7', we then have that

ge=0 forallee E\I'. (84)

Now consider an edge g1 of /' and a salesman / € K.

Here we distinguish two cases.

First, suppose that/ # k. Hence g € UIO. Let g, = titjy1 and (U 301 3) the solution
given by Ul3 = (Ull\{gl}) U {t;s, sti+1}, where s € §; is a Steiner node of salesman
I.In addition, let U7 = U}, j = 1,.... K, j #l,and I’ = J;cx U7 Let (U*, I%)
given by U* = U3 and I* = I® U {g;}. The incidence vectors of both solutions
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(U3, 13) and (U4, 14) are in FII'CI,F’ and hence rx 4+ qy = B. As a consequence, we

have rxU’ + qyl3 =V —i—qyl4 - + qyl3 + gg,, which implies that g, = 0.

Suppose now that/ = k. Here also, we distinguish two cases. The first one is when
g1 € I'N 19, This is similar to the previous one. The second one is when g; € I\ 1°,
that g € I' N F. Suppose, without loss of generality, that g = fi. Let (U>, I°)
be the solution such that U7 = (U\{f1, e2}) U {s,t1, f2, s1s2}. Also, let Uj = U},

j=1,...,K,j #1,and I° = UjeK Ujs. Let (U°, 1%) given by U® = U® and
10 = IPU{fi). Ttis clear that (xU°, /") and (xU°, y!°) are in Fll-‘[’F and hence in F.
Thus, we have rx¥’ —I—qyl5 = rxU° +Cly16 =rxV’ 4 quS +4q ,, which implies that

qr =0.
As g1 is arbitrary in I, this implies that

ge=0 foralleeI'. (85)
By (84) and (85) we then have
ge=0 foralle € E. (86)

In what follows, we will examine components of vector r.

First, we will establish the coefficients of edges between Steiner nodes.

Consider a salesman [ € K \ {k} and let s and s’ be two Steiner nodes of S;.
Consider the solution (U, I') defined above and let (U7, I7) be the solution defined

by U = U} Ulss'}, U} = U} forall p € {1,..., |[KI\{} and I7 = |,k U).

Clearly (xUI , yI]) and (xU7, y17) are both in Fll_‘[ 7 and thus in F'. This implies that
(xUl, yll) and (xU7, y17) satisfy equation rx + gy = B. Since ¢ = 0, we have
rxU' = U7 = pxU! +r§s,, which implies rix, = 0. As salesman / and Steiner nodes
s and s are arbitrary, we have

r‘is/ =0 forall 5,5 €8, €K\ [k} (87)

Now consider salesman k and suppose that s and s’ are Steiner nodes of Si. Here, we
shall distinguish different cases. First, suppose thatss’ € V; foragiven j € {1, ..., p}.
Along the same line, we can prove that rsks, =0.

Similarly, we can also prove that rfx, = 0 for every s and s’ of S; N Vp such that
18(s) NF|+18(s)NF| < 1.

Now suppose that s and s” are in Sy N\Vo but §(s)NF # Band §(s")NF # (. Suppose,
without loss of generality, that s = s, and s’ = s1. Consider again solution (U L
and define solution (U8, 18) as follows, U,f = Uk1 U {sps1, $ps2, 251}, US = Ull7 for

allp e (1., [KI\{k}and I8 = |, US. Ttisclear that 2V, y/") and (xU°, y'°)
are both in FX . and thus in F. This implies that rxV' = rxU" = rxU' — I+
rfp st rskzsl , and hence r‘fpﬂ = ”é,sz + rg(zsr By symmetry, we have
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k -
rslsz - szs +
k — 4 k
5253 - 5234 A432 ’
k. _ k
rspsl - vaz + rYzS‘] ’
yielding to rfs, = 0 for all Steiner nodes s and s’ in S; N Vp whose incident edges
intersect F.
Overall, we have
rk, =0 forall s,s" € Sk, ss' ¢ 8(ID). (88)

Now, suppose that s and s’ are two Steiner nodes such that s € V; and 5" € V4
for some j € {1, ..., p}. Suppose also that there is a Steiner node s” € V. Notice
that ss’ and ss” are both in § (TT)\ F.

Suppose, without loss of generality, that j = 1 (the result can be found by symmetry
for all the sets V;). Consider solution (U Lol given above and define solution (U 9. 1%
as follows, U} = Ul\{e1} U {ns, ss', s'n}, Uy = Up forall p € {1,..., |K[}\{k}
and /° UpeK U9 Let (U10 110) be the solut10n deﬁned by Uklo = ng\{ss/} U
{ss s“s’} Uy = U9 forall p € {1,..., |K[)\{k} and 1" = {J . U,°. Clearly,
(x , ) and (xV O, yl ) are both in Fk ., and then satisfy equation rx + gy = B.
Since g =0, we have rx¥’ = rxV" = rka rk 4k, 4k, By (88), we have
r;‘,,x, = 0, which implies that rfs, = rm,,. As Steiner nodes s, s and s” are arbitrary of
Sk, we have

kK k forall s,s’,s” € S, ss',ss” € S(II) \ F,
Tss' =5 =P for some p € R. (89)

Now, we will determine the coefficients of edges between terminals.

Consider asalesman/ € K \ {k} and let #; and #; | be two terminals of 7;. Let s be a
Steiner node of S; and consider the solution (U1, 711) given by Ul1 I = (Ul] \{titip1 HU
{t;s, sti+1}, U;l = U;, foreach p € {1, ..., |K|}\{{}and I'! = UpeK Ull,l. Clearly,
the incidence vector of solution W, 1My is in Fn k M.F and hence in F. It follows that

vt _ ot Ut I
rx” =rx =rx lzlz+1 + rtl + rstH, implying that rl s+ Tt -

salesman / and nodes s, #; and t;41 are all arbitrary. Therefore

litiv1

Fipoy =Tos + 7, forallti tipy €Ty, s €8, 1€ K\ (k) (90)

Now consider salesman k and suppose that #; and ;4 are terminals of T, such
that #; and 7,41 are in V; and V;4 1, respectively. Suppose, without loss of generality,
that ;, = #; and t;;1 = f,. Consider solution (UL, 1Y and let (U2, 1'?) be the
solution defined as follows, Uk12 = (Ukl\{n n}) U {t152, 5212}, U;Z = Ulﬁ, for each
pedli o IKINK and 12 = U ex Up2 V', 3" and V7, y'™) are both in
F. llf[ r and hence in F. Therefore, they satisfy equation rx +¢qy = B. This implies that
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Ul o U12 _ Ul
rx” =rx =rx rt,t,+1 + "t, + rszt,+1 Hence rm o +”t, + r?zt1+1 Asa
consequence, we have
ok ok gk forall #,t4+1 € Ty, s € Sk, ©1)
liti+1 lis Sttt titivq, t;s € 8(I1), and st;41 € F.

In what follows, we will examine at the coefficients of edges between terminals
and Steiner nodes.

Consider asalesman/ € K \ {k} and two Steiner nodes s and s’ of §;. Let (U3, I'3)
be the solution obtained from (U7, I7) as follows, U,13 (U[ \{st;11}) U{ss’, v t,+1}

Uy = IIJ;Z, folrgeachp € {1,..., KNI} and I = Uk U}3. SI?CC Y ,By B!
and (xV ,y’ ) are both in Ff ;. and thus in F, this implies rxU" = rxU" =
ral’ — éf+1 + r ,+ r‘g, . By (87), it follows that rnJr1 = ri,tw. As salesman /,

and nodes t;, s and s’ are arbltrary, we have

forall; € T, s,s' € S5, [ € K\ {k},

1 1
Tst, = r = M%) for some )»ll(ti) eR.

92)

Now, consider salesman k. Consider a terminal #; of 7 and Steiner nodes s and s’
of Sk such that ¢;, s and s” belong to the same set, say V;.
Along the same line, we can prove that

forallt; € Ty, s, € Sk,
ko= ok =0k sty ¢ 8T, 93)
for some A'f () e R.

Now, suppose that 7;, s and s’ are such that t;s ¢ §(IT) and t;s" € §(IT)\ F. With-
out loss of generality, we will suppose that t; = ¢; and s’ = s. Consider solution
(U™, 1'%) defined as follows. U* = (U \{t112}) U {t152, s212}, Up* = U}, for each

pef{l,...,|K|}\{k} and I'* = UpeK U;,4 Define also solutlon uh, 115) given
by Ul° = U14\{t1s2})U{t1s ss2}, UP = U)*, foreach p € {1,...., |K[}\{k} and
15 = UpeK U,l7 . Since (xY ,yl ) and (xUlS, ylls) are both in FII-CLF and thus in
F, this implies raxUM = xS = U r,kls2 + r,kls + rfsz. As t;, s and s are all

arbitrary, we have

forallt; € Ty, s,s € Sk,
e =rh k=M@ +p s’ ¢ 80D, and iis, 55" € S\ F, (94
for some )Jf(t,-) eR, peR.

Now, let p € R be as given by (89) and A=k, )Jz) | € K such that kl =
WL, ti € T where M (1) is as glven by (92), (93) and (94). A, = (A, (uv), u, v €
Ty, uv ¢ UP) such that )J wv) =rl, — 2 @) -2 (v),l e K.
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Overall, the coefficients r., for all uv € E and I € K can then be expressed in
terms of p, kll and )‘12 as follows

)\ll(u)+)nl1(v) ifl € K, uv =titiyy, tj, tiy1 € 1y,
M) ifl £k, uel, ves,
2 ) ifl =k, ueTy, ve Sk, uv ¢ 5(II),
)\]I(u) ifl =k, ueTy, veSy,uvekF,
iy =1 p+ k@) ifl=k ueTk veS,uveddl)\F,
My uv) + A ) + 2L ) ifuv =4t ti.t; € Ty, o>,
0 ifl #kanduv = s;5;, s;,5; €T}, j#1,
0 if | =k and uv = s;5;, si,5; € Sk, uv ¢ 6(I),
0 ifl =kanduv = s;sj, s;,5; € Sg, uv € SIH\ F.

It is clear that r! = pal + AIIM{ + )»leé, forall/ € K. We then have that
r = pa + AM and the result follows.

C Appendix: Further valid Inequalities

Proposition 8 Consider a salesman k € K and let T1 = (Vy, ..., V),) be a partition
of V such that |\Vi N Tyl > 1,i = 1, ..., p (p = 2). Suppose that Vi, ..., V., r < p
contain respectively g; > 2,1 = 1, ..., r non-successive terminals (or sequences of
terminals). Let S C Sk be a subset of Steiner nodes of salesman k. Inequalities (29)
are redundant with respect to inequalities (24), (3) and (5).

Proof Denote by V; ;,i = 1,..,pand j = 1, ..., g;, the j’h component of the set
Vi consisting of only one terminal or a sequence of successive terminals. Clearly, the
following inequalities are valid for MSTSPOC(G, K, T)

K@V =2 foralli=1,...p, j=1,.,q
—x¥(8(s)) = —2 foralls € S,
xK(e) >0 foralle € E(S) \ E(S).

Remark that there are exactly p + Y :_, gi — r Steiner cut inequalities and |S| dis-
junction inequalities.
By summing these inequalities, together with (10), we obtain

.
25 Be\s (Vi Var s Vo)) 2 2((p + Y _qi — 1) — |SD.
i=1
and by dividing by 2, we obtain
,
HFEes(Vi Var o Vo)) = (p+ Y gi — 1) — IS],
i=1

which ends the proof. O
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